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Abstract

Density functional theory study of two-dimensional boron nitride films
by
Pradip R. Niraula

Advisor: Angelo Bongiorno

Since graphene was isolated in 2004, the number of two-dimensional (2D) materials and
their scientific relevance have grown exponentially. Besides graphene, one of the most important and technolocially promizing 2D materials that has emerged in recent years is hexagonal
boron nitride, in its monolayer or multilayer form. In my thesis work, I used density functional theory (DFT) calculations to investigate the properties of boron nitride films. In
particular, I first studied the properties (i.e. formation energy, defect states, and structure)
of point charged defects in monolayer and bilayer hexagonal boron nitride, and subsequently,
I focused on the linear and nonlinear mechanical properties of boron nitride films with sp2
and sp3 bonding structures.
Experimental detection and characterization of defects in 2D materials are challenging
tasks. My research work has been focused on points defects in monolayer (1L-) and bilayer
hexagonal boron nitride (2L-hBN). I carried out technical developments and DFT calculations, and I have investigated the structural, formation energy, and electronic properties of
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both neutral and charged nitrogen and boron vacancy defects, as well as carbon substitutions
for nitrogen and boron sites in 1L-hBN and 2L-hBN. These studies have showen that, due to
an electrostatic polarization effect, the formation energies of charged defects in 2L-hBN are,
in all cases, about 0.5 eV lower than in monolayer 1L-hBN. Moreover, I found that, under
the assumption that vacancies and carbon substitutions defects are all present in a 2D h-BN
film, there is at least one point defect species that is in a charged state, regardless the value
of the Fermi energy.
Carbon and boron nitride form a variety of solid allotropes, including layered materials
such as graphite and h-BN, and sp3 -bonded materials such as diamond and cubic BN. Similarly to the case of graphene, which can be considered a single layer of graphite, in recent
years experimental investigations have shown that a diamond or sp3 -rich phase can exist in
the ultrathin down to the monolayer form. In particular, these experimental studies agree
that under pressure and/or upon surface passivation (with hydrogen or hydroxyl groups), a
few-layer graphene can transform into a sp3 -rich C film, exhibiting a stiffness comparable to
that one of diamond. As for BN, although high-purity polycrystalline h-BN is known to form
a sp3 -bonded phase upon compression, to the best of our knowledge only one very recent
experimental study has shown that upon compression, nanosheets of h-BN transform into
films rich in sp3 bonds. In this work, the sp3 -bonded BN film was proposed to have a surface
in contact with the substrate, and hydroxyl groups terminating the surface exposed to air.
The aforementioned experimental works underline the importance of studying the mechanical properties of BN ultrathin membranes having both a sp2 and sp3 bonding structure. In
my thesis work, I have used a DFT approach to calculate linear and nonlinear elastic con-
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stants of BN membranes. These elastic constants were used to estimate the ideal breaking
strength under biaxial strain, and this theoretical parameter was then used to quantify the
effects of film thickness, surface passivants, and structure on the mechanical strength of the
membranes. In my work, I found that compression of a few-layer h-BN film can lead to
the formation of various plausible conformations of an ultrathin BN film with a sp3 bonding
structure. Most of these sp3 -bonded 2D films are energetically stable upon passivation of
at least one surface. Nonetheless, I found that three-layer BN films can form stable ultrathin films with a sp3 bonding structure and clean surfaces. Although the BN sp3 -bonded
membranes exhibit longitudinal mechanical properties comparable to those of the layered
BN film, the benefits of a sp3 -bonded membrane include the enhanced mechanical strength
in the transverse direction of the film, and potentially, the possibility to form conformations
of the films with anisotropic and tunable mechanical and electrical properties.
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Chapter 1
Introduction
1.1

Overview

2D materials have been attracting great interest in materials science for more than two
decades due to their unique electrical, optical, and mechanical properties. 2D materials
consist of a few layers of material, and their thickness ranges from a few angstroms to several
nanometers, depending on the number of layers [1]. The most important and promising 2D
materials on the scientific scene are graphene [2], hexagonal boron nitride (h-BN), and
molybdenum disulfide (M oS2 ), although the class of 2D materials is expanding every day
[3, 4]. The properties of 2D materials that make them unique and potentially interesting for
industrial applications are their flatness and low-dimensionality, translating into low weight
and large surface area materials [5], their anisotropic mechanical properties, arising from
strong covalent bonds in the planar direction and weak Van der Waals (vdW) interactions
between the layers [5, 6, 7].
In my research, I used density functional theory (DFT) calculations to study both 2D
1
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film and 3D bulk materials at the atomic scale. I first studied the properties (i.e. formation energy, defect states and structure) of point charged defects in monolayer and bilayer
hexagonal boron nitride, and subsequently, I focused on the linear and nonlinear mechanical
properties of boron nitride films with sp2 and sp3 bonding structures. In this thesis, I discuss
basics and technical aspects of DFT calculations in Chapter 2, and I will discuss the computational studies of defects and mechanical properties in Chapters 3 and 4, respectively. In
Chapter 5, I will conclude my thesis by summarizing the results of my research work and I
will discuss possible future work.

1.2

Point defects in 2D h-BN films

Most of the 2D materials such as graphene, h-BN, and M oS2 are typically grown using two
types of techniques: mechanical exfoliation of bulk materials [8, 9] or chemical deposition
methods at high temperatures using molecular precursors [10]. Both synthesis techniques
are known to lead to 2D materials presenting a significant number of defects, from vacancy
and substitutional defects to topological and extended defects, such as dislocations and 2D
stacking faults [11, 12].
Due to the inherent difficulty to study nanomaterials, the experimental characterization
of defects in 2D materials is challenging, and only a a relatively low number of experimental efforts have been reported so far [13]. To gain insight on materials and their defects,
computational modeling studies are becoming an excellent alternative to the experiment.
However, the computational methods used to modeling defects at the atomic-scale suffer
from technical issues, and research work is needed to develop the strategies to obtain a cor-
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rect treatment of charge defects. One goal of my research work has been developing and
applying methodologies based on DFT calculations to calculate accurate formation energies
of charged defects in 2D materials. In particular, I focused on point defects in monolayer
and bilayer h-BN.

1.3

Mechanical properties of BN films

Graphene and boron nitride nanosheets exhibit interesting mechanical properties that could
be exploited for applications such as mechanical reinforcements, protective coatings, and
body armors [14, 15, 16]. Interestingly, both transverse compression [15, 17, 18, 19] and
surface passivation [20, 21, 22, 23, 17, 24, 25] of layered carbon and boron nitride (BN)
films have been shown to be viable means to produce ultrathin films rich in sp3 bonds.
Studying and elucidating the mechanical properties of these nanomaterials is therefore of
both fundamental and technological relevance.
The mechanical properties of monolayer and few-layer graphene have received a great
deal of attention in recent years [14, 15, 26, 27]. Experiments [26, 14] and theory [28] agree
that the effective elastic modulus (E2D ) of monolayer graphene (1L-G) is about 342 N/m,
and that its breaking strength and intrinsic strain are significantly affected by defects and
grain boundaries and are in the ranges of 23–42 N/m and 14–33%, respectively. As for the
mechanical properties of few-layer graphene, Young’s modulus and breaking strength have
been found to decrease with increased thickness [14]. Such an effect has been attributed
to the weak van der Waals interactions between the carbon layers and the occurrence of
slippage processes [14].
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Monolayer hexagonal boron nitride (1L-hBN) is isostructural to graphene. This 2D material has many interesting properties, somehow complementary to those of graphene. For
instance, it is a large band-gap insulator and it is stable in air up to 800o C [29], whereas
graphene is a semimetal that starts to oxidize at 300o C [30]. Very recent measurements of
the effective elastic modulus and breaking strength of 1L-hBN yielded values of 289 N/m
and 23.6 N/m, respectively [14]. This same experimental study reported effective elastic
moduli of the bilayer and trilayer h-BN equal to 590 N/m and 822 N/m, respectively, and
breaking strengths of 45 N/m and 77 N/m, respectively [14], highlighting that in contrast
to graphene, nanosheets of h-BN possess mechanical properties that do not degrade with
thickness.
Carbon and BN form a variety of solid allotropes, including layered materials such as
graphite and h-BN, and sp3 -bonded materials such as diamond and cubic BN. Similarly to
the case of graphene, which can be considered a single layer of graphite, in recent years
experimental investigations have shown that a diamond or sp3 -rich phase can exist in the
ultrathin down to the monolayer form [15, 20, 21, 22, 23, 17, 31]. In particular, these
experimental studies agree that under pressure [15, 17, 19] and/or upon surface passivation
(with hydrogen or hydroxyl groups) [20, 21, 22, 23, 17, 24, 25], a few-layer graphene can
transform into a sp3 -rich C film, exhibiting a stiffness comparable to that one of diamond
[15, 31]. As for BN, although high-purity polycrystalline h-BN is known to form a sp3 -bonded
phase upon compression [32], to the best of our knowledge only one very recent experimental
study has shown that upon compression, nanosheets of h-BN transform into films rich in sp3
bonds [18]. In this work, the sp3 -bonded BN film was proposed to have a clean surface in
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contact with the substrate, and hydroxyl groups terminating the surface exposed to air [18].
Structural and energy stability of ultrathin sp3 -bonded C films have been the focus of
many recent computational studies [33, 34, 35, 36, 37, 38, 39, 40, 41]. These investigations
have shown that both the stacking geometry and surface passivation (typically by H) control
conformation and energy stability of the sp3 -hybridized C films obtained by compression of
a multilayer graphene film. Interestingly, Kvashnin and Sorokin [37] showed that graphene
layers stacked in the AA geometry can lead to monolayer or thicker energetically-stable sp3 bonded C films with clean surfaces, i.e. not requiring H or other passivates to chemically
stabilize the surface and consequently the structure of the diamond-like film. Only a few
computational works have focused on the mechanical properties of ultrathin sp3 -bonded C
films [42, 37]. Chernozatonskii et al. [42] considered films with surfaces terminated by H
atoms obtained by stacking (111) planes of the cubic diamond, and deduced the values of the
second-order elastic constants C11 and C12 from the slope of the longitudinal and transverse
in-plane acoustic vibrational modes. In another recent density functional theory (DFT)
study, Kbvashnin and Sorokin [37] calculated C11 and C12 of fully passivated diamond-like
films of increasing thickness by fitting stress versus strain curves. Computational works on
the structure and mechanical properties of ultrathin sp3 -bonded BN films are, to the best of
our knowledge, missing from the literature.
The body of work just discussed underlines the importance of studying the mechanical
properties of both carbon and BN ultrathin membranes. In my research work, I focused on
the mechanical properties of BN films. In particular, I used a novel DFT-based method to
calculate second- and third-order elastic constants of few-layer BN membranes with either an
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sp2 or sp3 bonding structure. I used these linear and nonlinear elastic constants to estimate
the ideal breaking strength under the biaxial strain of a 2D film, and hence to quantify the
effects of film thickness, surface passivates, and structure on the mechanical strength of the
membranes.
In this study, I have shown that compression of a few-layer h-BN film can lead to the
formation of various plausible conformations of an ultrathin BN film with a sp3 bonding
structure. Although most of the 2D films are energetically stable upon passivation of at least
one of the two opposite surfaces, I was able to design stable BN films with clean surfaces.
In particular, in this thesis, I will present fully characterize a three-layer BN film with a sp3
bonding structure and clean surfaces. This film is mechanically and dynamically stable, it
exhibits insulating electronic properties, and its structure consists of planes of a new hard
bulk phase of BN. Overall, my study shows that compression or surface passivation of a
few-layer h-BN film can lead to the formation of a sp3 -bonded membrane with longitudinal
mechanical properties comparable to those of the layered film. The benefits of a sp3 - versus
sp2 -bonded membrane include the enhanced mechanical strength in the transverse direction
of the film, and potentially, the possibility to form conformations of the sp3 -bonded films
with tunable mechanical and electrical properties.
In my research work, I have also attempted to estimate the pressure needed (to be applied
for instance by an AFM tip) to transform a multilayer h-BN film into a BN membrane rich
in sp3 bonds. To this end, I have considered the BN bulk phases used to construct the BN
films, and I used DFT calculations to estimate the isenthalpic point (at zero temperature) of
these crystals and bulk h-BN. These pressure values give insight into what confirmation may
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be formed by compressing a multilayer h-BN film along the transverse direction. Details of
these calculations and results are discussed in Chapter 4.

Chapter 2
Density functional theory calculations
2.1

The many body problem and Born-Oppenheimer approximation

Calculating the properties of an atomic system consisting electrons interacting with nuclei
requires solving the following many-body Schrödinger’s equation:

~ k }) = EΨ({~ri }, {R
~ k }),
Htot Ψ({~ri }, {R

(2.1)

where Ψ is the wavefunction, E is the corresponding energy, and H is the Hamiltonian:
N

Htot = −

N

e
n
X
1X
1
1 X Zk Zl
Zk
1X
1X
−
, (2.2)
∇2ri −
∇2Rk +
+
~k − R
~ l|
~ k − ~ri |
2 i
2 k
2 i,j |~ri − ~rj | 2 k,l |R
|
R
k,i

i6=j

k6=l

where {ri } are electronic coordinates, {Rk } are nuclear coordinates, the first and second
terms are the kinetic energies of the electronic and nuclear systems, respectively, and the
remaining terms account for the electrostatic interactions between electrons and nuclei. An
8
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exact solution of Eq. (2.1) requires finding a wavefunction that depends on 3N variables
(N = Ne + Nn , where Ne and Nn are the number of electrons and nuclei, respectively). This
mathematical (computational) problem is very challenging and it requires approximations
to be addressed.
To reduce the complexity of this problem, most of the electronic structure methods rely
upon and make use of the Born-Oppenheimer (BO) approximation [43]. A proton is about
1836 times heavier than an electron, and hence nuclei in a molecular system are much slower
than the electrons. Thanks to this, the BO approximation assumes that the motion (and
hence wave-functions) of the nuclei and electrons can be separated. In practice, in electronic
structure calculations, nuclei are considered to be immobile particles and the Schrödinger
equation for the Hamiltonian in Eq. (2.2) is solved only for the electronic system. Thus,
the quantum many-body problem that we need to address is represented in the following
Hamiltonian:

Ĥelec = T̂e + V̂ext + V̂int ,

(2.3)

where the three terms above correspond to the kinetic energy term,

T̂e = −

1X 2
∇ri ,
2

(2.4)

the electrostatic interaction between an electron and the nuclei,

V̂ext = −

ZI
1X
,
2 I,i |RI − ri |

(2.5)
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and the electron-electron electrostatic interactions

V̂int =

1
1 X
.
2 i,j, i6=j |ri − rj |

The three energy terms above are written by using atomic units h̄ = me = e =

(2.6)

4π
o

= 1.

The time independent Schrödinger equation for electron is:

Helec ψ(~
r1 , r~2 , ..........r~N ) = Ee ψ(~
r1 , r~2 , ..........r~N ),

(2.7)

where ψ(~
r1 , r~2 , ..........r~N ) is the wave function and r~i represents the position and spin coordinates of the electrons. The goal of any electronic-structure method is to solve Eq. (2.7)
and obtain an accurate description of ψ(~
r1 , r~2 , ..........r~N ).
The first and pioneering attempts to solve Eq. (2.7) led to the Hartree and Hartree-Fock
methods. Since then, many other approaches and approximations to solve Eq. (2.7) have
been put forward and used to study molecular and solid systems. In this work, I will carry
out calculations relying on the density functional theory (DFT). Before starting the DFT
theory, here I brief explanation of Hartree-fock approximations.

2.1.1

Hatree-Fock approximation

Hatree-Fock approximation (HF) is the simplest approximate for solving many-body Hamiltonian. Hatree-Fock approximation follows the Born-Oppenhener approximation, where we
treat electrons as a quantum particle in the field of fixed nuclei i.e. no influence of ionic
motion on the electronic surface. In the HF approximation, the electronic wave function
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is approximated by a single Slater determinant, and the energy is optimized with respect
to variations of these spin orbitals. The HF method is a variational, wave function based
approach. Although it is a many body technique, which follow single particle picture i.e. the
electrons are considered as occupying single-particle orbitals making up wave functions. Each
electron feels the presence of the other electrons indirectly through an effective potential.
Thus, each orbital is affected by the presence of other orbitals.
The wave function is written as the product of the single orbitals (i.e. we are working
with independent electrons). The simplest wave function that can be formed from these
orbitals is their direct product,

ψ(~
r1 , r~2 , ..........r~N ) = ψ(~
r1 ) ∗ ψ(~
r2 )..........ψ(r~N )

(2.8)

This is the Hatree approximation and it is straightforward to calculate the variational
lowest energy from above equation. However, the Hartree wave function has very important
shortcoming such that it fails to satisfy the anti-symmetry. In order to satisfy the antisymmetry condition, a more sophisticated form is needed than that of Hatree wave functions
called as Hartree Fock approximation. By including spin, HF corrects the wave functions
and consider following assumptions:
• All elementary particles are either fermions

1
2

integral spin or Boson (integer).

• A set of identical (indistinguishable) fermions has a wave function that is anti-symmetric
by exchange.

ψ(~
r1 , r~2 , ......., r~i , ........, r~j , ...........r~N ) = ψ(~
r1 , r~2 , ......., r~j , ........, r~i , ...........r~N )

(2.9)
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• Boson are symmetric.

For example, if we have two-electron system with the orbitals, ψ(~
r1 ) and ψ(~
r2 ) the following variational wave function satisfies the anti-symmetric condition, at the same time
preserving the single particle picture,

ψ(~
r1 , r~2 ) = c[ψ1 (~
r1 )ψ2 (~
r2 ) − ψ1 (~
r2 )ψ2 (~
r1 )],

(2.10)

where c is the normalization constant. If we apply the same permutation of orbitals with
matching sings, we got the following determinant,

ψ1 (~
r1 ) ψ2 (~
r1 ) ψ3 (~
r1 )
ψ = c ψ1 (~
r2 ) ψ2 (~
r2 ) ψ3 (~
r2 )

(2.11)

ψ1 (~
r3 ) ψ2 (~
r3 ) ψ3 (~
r3 )
Generalizing above determinant to N electron system where the electrons are taken to
satisfy the orthonormality,

ψ1 (~
r1 ) ψ2 (~
r1 ) ψ3 (~
r1 )
1
ψ=√
ψ1 (~
r2 ) ψ2 (~
r2 ) ψ3 (~
r2 )
N!
ψ1 (~
r3 ) ψ2 (~
r3 ) ψ3 (~
r3 )

(2.12)

Thus for arbitrary number of electrons the wave function form in above equation can
be shown to satisfy the desire asymmetry condition. The determinant referred as a slater
determinant, has N ! term each multiplied by -1 and 1 depending on the parity of the permutation.
For the calculation of energy eigenvalue, we now calculate the expectation value of Hamil-
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tonian for this variational wave function,

EH =< ψ|Ĥelec |ψ >

2.2

(2.13)

Density functional theory

This section illustrated one way of dealing with the complicated many-particle nature of a
system state vectors. Starting with a non-interacting system, add exchange interactions by
forcing the wave function to be a Slater determinant and then treat the Coulomb interactions
in a mean-field way. In this method, the principle idea to replace the complicated many body
wave-function with the much simpler called density. The theorem of N-representability [44]
states that any function n(~r) is a possible system charge density arising from many body
wave function,

n(~r) ≥ 0
Z
n(~r)dr = N

2.2.1

Hohenberg-Kohn theorems

The foundation of Density Functional Thoery (DFT) is the well known Hohenberg-Kohn
theorems [45]. These theorems demonstrate that the density of an electron system is a
"physical variable", determining all the properties of the system. DFT allows reducing the
complexity of the many-body problems in Eq. (2.7) to determining the density function of
the electron system in its ground state. This groundbreaking theory implies that, instead
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of solving Eq. (2.7) to determine a wavefunction depending on many degrees of freedom,
the problem is reduced to finding a function of only 3 variables, regardless of how many
electrons in the system. This is computationally enormously beneficial, and this is also the
reason why nowadays DFT is broadly used to describe and compute the properties of both
molecular and condensed matter systems.
The Hohenberg-Kohn (HK) theorems consider a system of interacting electrons in an
external potential V̂ext (r), with a Hamiltonian as in Eq. (2.6). Hohenberg and Kohn proved
the following two theorems:
Theorem 1:
The first theorem states that, given a system of electrons, the external potential V̂ext (r)
is a unique functional of the ground state density no (~r) of the electron system. This means
that the ground state electron density no (~r) uniquely determines all properties of the system
completely.
The first HK theorem is proved by the contradiction. Let us assume that there exit
0
(r) which both give the same ground state electron
two different potentials Vext (r) and Vext

density no (~r). Then we have two Hamiltonian, H and H’ with the same ground state density
but different ground state wave functions ψ and ψ 0 , respectively such that Ĥψ = Eo ψ
and Ĥ 0 ψ 0 = Eo0 ψ 0 . Now use the variational principle, taking ψ 0 as a trial function for the
Hamiltonian.

CHAPTER 2. DENSITY FUNCTIONAL THEORY CALCULATIONS

15

Eo < hψ 0 |Ĥ|ψ 0 i
< hψ 0 |Ĥ 0 |ψ 0 i + hψ 0 |Ĥ − Ĥ 0 |ψ 0 i
Z
0
0
< Eo + no (r)[Vext (r) − Vext
(r)]dr
In addition we can take ψ and as a trial function for the HamitonianH’, to obtain,

Eo0 < hψ|Ĥ 0 |ψi
< hψ|Ĥ|ψi + hψ|Ĥ 0 − Ĥ|ψi
0
< Eo + hψ[Vext
(r) − Vext (r)]ψi
Z
0
< Eo + no (r)[Vext
(r) − Vext (r)]dr

From above expression, the expectation value of the difference in the external potentials
differs only in sign, because we assumed that electron density are same. After adding above
two equations, we got the contradiction:

Eo + Eo0 < Eo0 + Eo
It concludes that, with two different external potentials Ve xt(r), it gives rise to the same
ground state density. This implies that the total energy is a functional of the density. We
write this as a E = E[no (r)], thus the density determines the Hamiltonian, and there by,
wave function (n → H → ψ).
Theorem 2:
The second theorem states that, there exits a universal functional F [n(r)] of the density,
independent of the external potential V̂ext (r) , such that the minimum of the energy functional
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Vext (r)n(r)dr + F [n(r)] is obtained for the electron density no (r) at the ground

state. Following the two theorems, the universal functional can be written as:

F [n(r)] = T [n(r)] + Eint [n(r)]

where T [n(r)] and Eint [n(r)] are the kinetic energy and electron-electron interaction energy functionals, respectively. This energy functional is universal, namely it does not depend
on the external potential or the number of electrons in the system, and it remains unknown.
Proof:
As no (r) determines Vext (r) and Vext (r) determines Ĥ and therefore ψo . This means ψo
is a function of no (r), and the expectation value of F̂ is also function of no (r), such that
F [no (r)] = hψo |F̂ |ψo i.
Z
E = E[no (r)] =

no (r)Vext (r)dr + F [no (r)]

0
(r) determines the ground
A density that is the ground state of some external potential is Vext

state energy is defined by the unique ground state density n(r), such that F [n(r)] = hψ|F̂ |ψi.

0

E = E[n(r)] =

Z

0
(r)dr + F [n(r)]
n(r)Vext

and variational principle,

0
|ψi > hψo |F̂ |ψo i + hψo |V̂ext |ψo i
hψ|F̂ |ψi + hψ|V̂ext
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which leads to,
Z

0
n(r)Vext
(r)dr

Z
+ F [n(r)] >

no (r)Vext (r)dr + F [no (r)]

Thus, E[n(r)] > E[no (r)], which proves the HK second theorem generalizes the variational principle from the wave function to electron densities.

2.2.2

Kohn and Sham formulation of DFT

In 1965, Kohn and Sham (KS) [46] proposed a practical implementation of DFT and an
approximation of the universal functional F [n(r)] .The KS formulation of DFT led to developing the framework of equations and numerical techniques that are implemented in many
modern codes for DFT calculations. Kohn and Sham replaced the many body system by
an auxiliary independent particle system and assumed that the two systems have the same
ground state energy and electron density. In particular, given a system of N electrons and
the corresponding set of single-particle auxiliary wave functions ψi (r), we write the charge
density as:
n(r) =

N
X

|ψi (r)|2

(2.14)

i=1

where,

R

n(r)dr = N .

In terms of these single-particle wave functions ψi (r) , the DFT total energy can be
written as:

Z
E[n(r)] =

n(r)Vext (r)n(r)dr + F [n(r)]

(2.15)
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(2.16)

,where,

N

1X
Tni [n(r)] = −
2 i=i

Z

ψi ∗ (r)∇2 ψi (r)dr

(2.17)

is the kinetic energy of the non-interacting system of electrons, and,

1
EH [n(r)] =
2

Z Z

n(r)n(r0 )
drdr0
0
|r − r |

(2.18)

is the Hartree energy of the corresponding charge density. The solution of Eq. (2.16)
reduces to solving a system of coupled non-linear equations with the following form:

1
( ∇2 + VKS (r))ψi (r) = i ψi (r)
2

(2.19)

where VKS (r)is the Kohn-Sham potential:

VKS = Vext (r) + VH (r) + VXC (r)
δEH [n(r)] δEXC [n(r)]
= Vext (r) +
+
δn(r)
δn(r)

(2.20)

In Eq. (2.16), EXC [n(r)] corresponds to the exchange-correlation (XC) energy functional,
which can be written as:

EXC [n(r)] = T [n(r)] − Tni [n(r)] + Eint [n(r)] − EH [n(r)]

(2.21)
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showing that this functional accounts for two major effects. First, all exchange and correlations quantum effects associated with a system of interacting electrons. Second, the kinetic
effects which cannot be described within a single-particle picture.

2.2.3

Exchange and correlation energy functionals

This unknown energy functional was initially expressed by adopting the local density approximation (LDA) and well-known formulas for the exchange and correlation energies of a
uniform gas of electrons. It is very hard to say that the exact form of this expression. For
example, if homogeneous electron gas, the exchange term can be calculated exactly. This is
then used as the basis for the expression in other systems, via local density approximation
[47]. In particular, the exchange and correlation energy functional of a non-uniform electron
gas is written as:

LDA
EXC
[n]

Z
=

nεxc [n]d3 r

(2.22)

where EXC [n] is the exchange and correlation energy of an electron gas with density n.
For the homogeneous electron gas the exchange and energy is given by,

εx = −

e2 3 3n 1/3
( )
4πo 4 π

Then Kohn Sham Hamiltonian calculate by differentiation of Exc with respect to density.
As exchange energy is approximated as ε ≈ n1/3 , the potential is given in local density
approximation,
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Vxc = [εxc + n
=

20

∂εhom
xc
]
∂n

4εhom
x
(n(r))
3

There is no exact expression for the correction energy. Usually the approximation more
often tabulated using results from exact quantum Monte Carlo simulations.
On the development of the exchange-correlation functionals, the extended form of local
density approximation, which includes some forms of non-locality via the gradient of the
density. This improves the functionals performance greatly by helping to account for fast
varying changes in the electron density. Nowadays, EXC [n] is expressed by relying on the
generalized-gradient approximation (GGA) or even more complicated expressions depending
on first- and second derivatives of charge density.

GGA
Exc
[n]

Z
=

nεxc (n, ∇n)d3 r

(2.23)

The GGA parametrizations of Exc [n] is have been proposed by most common semi-local
Perdew and Wang (PW91) [48] and Perdew, Burke and Ernzerhof (PBE) [49]. However,
further improvements are needed, which is computationally costly.

2.2.4

Semiempirical treatment of Van der Waals forces within DFT

Most of the exchange-correlation functionals in density functional theory describe the lattice
parameter, bond lengths, structures of molecules and solids, which is in good agreement
with the experimental value. However, fail to account for the long-range electron correlations which are the primary cause of van der Waal’s interactions, resulting from dynamical
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correlations between fluctuating charge distributions, that play a significant role in layered
structures.
Grimme [50] proposed a method proposed a method of including a van der Waal’s correction term to the conventional DFT energy term EKS−DF T to give the total corrected energy
EDF T −D ,

(2.24)

EDF T −D = EKS−DF T + Edisp

where EKS−DF T is the usual self-consistent Kohn-Sham energy as obtained from density
functional theory and Edisp is empirical dispersion correction term given by,

ij
Edisp
=−

C6ij
fdamp (rij )
6
rij

where rij is the inter atomic distance between two atoms,C6ij =

(2.25)
p
C6i C6j is the geo-

metric mean of the atomic dispersive coefficients C6i , C6i and fdamp is a damping function
independent of the nature of two ions expressed as:

fdamp (rij ) =

1
(rij )

1 + e−d( (rr ) −1)

(2.26)

where, Rr is the sum of the van der Waal’s radii, and rij is written as, rij = ri + rj .
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Periodic DFT calculations
Plane-wave basis sets

A basis set is a set of functions used to create the molecular orbitals, which are expanded
as a linear combination with the coefficients to be determined. In terms of computational
chemistry, a basis set is a set of functions (called basis function), which are combined in linear
combinations to create molecular orbitals. For convenience these functions are typically
atomic orbitals centered on atoms, but can theoretically be any function: plane waves are
frequently used in materials calculations.
Finding the most useful single-electron wave functions to serve as building blocks for a
multi-electro wave function is one of the main difficult parts in finding approximate solutions
to the multi-electron Schrödinger equation. The function is different for different atoms
because of the nuclear charge and different number of electrons. To solve the single-particle
Kohn-Sham equations, the single-electron wave functions must be expanded in terms of a
basis. The efficient way to calculate computationally, first, basis sets are transformed into
a series of integro differential single-particle, first, basis sets are transformed in to series of
integro differential single-particle Schrödinger equations, and, second, this is written in to
matrix equations.
The Kohn-Sham wave functions can be represented as linear combination os plane waves.
This leads us to choose a plane wave basis set to describe the wavefunction with in the
periodic cell.
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1X
CG,n,k eiG.r
Ω G
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(2.27)

Where CG,n,k is plane wave coefficients and G are the reciprocal lattice vectors. Planes
waves enables the use of the fast Fourier transforms, to move between real space and k-space.

2.3.2

Periodic boundary conditions and Bloch’s theorem

It is very straightforward to simulate the simple system of a few atoms, whereas it is hard to
simulate the bulk solid material, which contains many atoms. However, this can be avoided
by simulating a unit-cell of the solid and periodically repeating this in all (x, y, z) spatial
direction. For the mono- and bi-layer system, we leaving a vacuum gap at least 10 in
one dimension to avoid the interactions between the planes. Similarly, an infinite set of an
isolated system is simulated by leaving vacuum gaps in all dimensions. In all bulk solids and
surfaces, periodic boundaries have great computational benefits. Bloch’s theorem is applied
for the periodic system. Thus the eigenfunctions of the Schrödinger equation with a periodic
potential can be written as,

Ψn,k = un,k eik.r ,

(2.28)

where, un,k , has the periodicity of the underlying lattice. There are the eigenfunctions of
the wave equation with the periodic potential. The Bloch function un,k is defined as having
a period of the lattice. Therefore, like any periodic function, it can be expanded using a
Fourier series of terms that are reciprocal lattice vectors. For example, as a series of plane
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waves with wave-vectors G equals to the reciprocal lattice vectors of the periodic lattice.

un,k =

X

ũG,n,k eiG.r

(2.29)

G

There are infinite numbers of reciprocal lattice vectors for infinite lattice. For the system,
we do not require to expand all plane waves for the Bloch function. Therefore an expansion
can be truncate at a good approximation with a certain cut-off. The introduction of plane
waves energy cutoff reduces the basis set to a finite size. To deal the infinite periodic array
of the system, we need to cutoff plane waves energy by cut off K.E. Cutoff controls the size
of the basis set. Such that,

KE =

h̄2
|G + k|2 < Ecut
2m

(2.30)

The cut-off provides less accurate in wave function and higher in energy of the system
but it could be handle computationally. The original wave function which spreads over the
infinite space of the periodic lattice has been transformed in to a wave function localized
inside just one of the periodic cells. However, this wave-funciton must be calculated at an
infinite number of k-points. Thus, the system must be tested for the convergence to ensure
that the effects of the truncation are not affecting the conclusion drawn from the calculations.
For the periodic Bloch function in to the Bloch theorem, Eq. (2.28) can be written in the
form of linear combination of plane waves as in Eq. (2.27).
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Pseudopotentials

In most of the cases the core electrons do no play significant role in the bonding of an atom
because they are highly localized around the nucleus and Coulomb potential is also extremely
strong near the nucleus. To balance the Coulomb potential, the kinetic energy of the wave
function also become very large where the functions oscillates many times and require a
huge number of Fourier components to be accurately represented. To reduce complexity of
the calculations, we use pseudo-potentials, where we isolate the core electrons and only use
the valance electrons for the bonding. This is the solution of radial Schrödinger equation
multiplied by spherical harmonics. Thus the interaction between core and valance electrons
are is approximated by the pseudo-potential, rather than being treated exactly. The main
advantages to use the pseudo-potential is:
• It require less electrons to be considered for the calculations such that it reduces the
computational cost, as there are less Kohn-Sham eigenstates and therefore fewer matrix
elements to compute.
• Core electrons constitute a large fraction of total energy. This energy can be used as a
base line in a calculation and so energy minimization can be sensitive to the far small
energy changes of the valance electrons.
• Creation of the pseudo-potential has the same effect on the valance electron wave
function away from the core, but allows them to be smooth with in the core region,
results in a dramatic reduction in the number of the plane waves needed to represent
those wave functions.
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There is various kind of pseudo-potential. Norm-conserving pseudo-potential ensure that
the charge with in the cutoff region is equal to the charge of the core electrons. This ensures
that the charge within the cut-off region is equal to the charge of the core electrons. Then we
can say that core region of the atom is not greatly affected by the surroundings environment.

2.4

Technical aspects of DFT calculations

In this research work, I carried out DFT calculations by using the Quantum Espresso software
[50]. I performed periodic DFT calculations by using the Perdew-Burke-Ernzerhof (PBE)
parameterization [47, 49] of the exchange and correlation energy. To account for Van der
Waals interactions, the DFT total energy was complemented by adding corrective energy
terms depending on semi-empirical parameters [51]. In all cases, I used norm-conserving
pseudopotentials [52, 51] to describe the interaction between valence electrons and ionic
cores, and a plane-wave energy cutoff ranges from 70 to 120 Ry. In this study, I used DFT
calculations to estimate the formation energy of neutral and charged defects in monolayer
(1L) and bilayer (2L) hexagonal boron nitride (h − BN ).
I have also studied the mechanical properties and phase transformations of low-dimensional
materials. 2D materials exhibit a variety of exotic and potentially exploitable properties.
Very recently, we made discovery that under pressure, bi and tri-layer h − BN by chemical passivation or under transverse pressure transforms into stable sp3 ultrahard film and
bulk structure. This helps for understanding current and future works in this area stem
from this outstanding discovery. We developed and applied computational methods based
on DFT calculations to investigate, explain, and predict the unusual mechanical (linear and
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nonlinear) properties of ultrathin films on a substrate.
To calculate the mechanical properties of 2D and 3D, I use unit cell where as to study the
charge defects I use 5x5 elementary unit cell in each layers. In most of the cases I use at lest
a vacuum region of 12 Å for monolayer, and dense uniform mesh of k points to sample the
Brillouin zone. In case of the bulk phase, I performed Γ-point calculations with a supercell
including 6x6x2 primitive bulk unit cells. In case of both bilayer h-BN and the bulk phase,
I considered layers stacked with the AA0 geometry.
Numerical calculations must conserve to get optimized value. Thus, the numerical calculation is said to be well converged when results obtained from calculations are compared
with the experimental value or true solution of the mathematical problem. Thus in DFT calculations, two parameters named k-points (k mesh) and plane waves cutoff energy (number
of basis functions) with respect to total energy, need to be converged.
It is necessary to accurate different ways where the Brillouin zone can be sampled. Appropriate Brillouin zone sampling is important in order to strike a balance between computational accuracy and efficiency. The nature of the system under study determines the way
the Brillouin zone is to be sampled: metallic systems require denser k-points as compared to
semiconductors and insulators. The "smearing method" also affects the choice of k-points.
This makes it necessary to converge k-points with respect to energy and achieve the desired
accuracy. An example of k-points convergence with respect to energy is depicted in the below
figure.
We need to include all the kinetic energy in the solution of K-S equation. Thus, to evaluate the solution of K-S equation at any point in k-space requires the summation of infinite
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Figure 2.1: Energy vs. k-point convergence.
different possible values of G. This can not be realistic for practical calculation. Fortunately,
the function in the equation appears to have the same interpretation as Schrödinger equation,
with the solution of the form,

KE =

h̄2
|Gc + k|2
2m

(2.31)

It is therefore logical to expect that lower energy solutions are more important than
higher energy solutions. This accord us the opportunity to truncate the infinite sum in the
above equation and include energies with values less than,
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(2.32)

An example of KE cut-off convergence with respect to energy is depicted in the below
figure.

Figure 2.2: Energy vs. cut-off energy convergence.

Chapter 3
Point charged defects in h-BN
In this section, I have focused on a well-known selected point defects. h-BN is a layered
material with a large band gap of about 6 eV [11]. The bulk phase of h-BN consists of layers of
atoms with the honeycomb structure and alternating B-N sp2 -bonds. Each layer contains an
equal number of boron and nitrogen atoms arranged in a closely packed hexagonal structure
Fig.(3.2). Within each layer, boron and nitrogen atoms form partially ionic, partially covalent
bonds having a length of 1.45 Å. The layers are stacked and held together at a separation
of about 3.33 Å by Van der Waals forces [53]. The space group of bulk h-BN presenting the
AA’ stacking geometry is P 63 /mmc [54] with lattice constants a = 2.51 Å and c = 6.66 Å
[53, 55]. In the 2D form, h-BN consists of a thin stack of layers, down to one layer, on a
substrate, typically sapphire [56], graphite [57] , SiO2 [58] or Cu [59]. Experimental studies
[60, 61, 62, 63, 64, 65, 66] show that the most common point defects in 2D h-BN are single
vacancies and single substitutions, mostly by C atoms. In this work, we will focus on B and
N vacancies (VB and VN ), and C substitutions for N and B sites (CN and CB ) in monolayer
and bilayer h-BN [67].
30
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Figure 3.1: Structure of h-BN showing (a) unit cell with bond lengths (b) bulk structure and
(c) separation between h-BN sheets.
Van der Waals forces originate from the dynamical correlations of electrons in non-bonded
systems, like two benzene molecules separated by a distance or two layers in bulk h-BN. These
types of forces are not well described within a conventional DFT approach, and various
solutions have been put forward to correct these limitations. The first task that I undertook
in this research work has been assessing the various DFT-based schemes and solutions to
account for Van der Waals forces, and hence selecting the best approach to modeling a
multilayer h-BN film. Moreover, it is well known that the use of periodic boundary conditions
in atomistic calculations requires the use of a compensating uniform background when the
supercell is charged, such as when it includes a charged defect [68, 69]. Although various
solution to this problem have been advanced, modeling charged defects in 2D materials
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with a DFT approach imposing 3D periodicity requires further scrutiny. In this work, I
also focused on these aspects. Overall, this research work has encompassed two types of
activities, namely technical developments and applications.
Charged defects in 2D materials have been studied by using periodic DFT methods
[69, 70, 71, 72, 73] Huang and Lee [67] used a DFT approach to study charged vacancy and
substitutions points defects in monolayer hBN. The authors of this work opted not to use any
correction of the calculated formation energies. Komsa and Pasquarello [73] proposed a finite
size supercell correction scheme for the formation energy of charged defects at surfaces and
interfaces. They used supercells of various sizes to calculate the correct formation energies
by extrapolation to infinitely large supercells. Komsa and Krasheninnikov [69] used DFT
approach to calculated native defects in bulk and monolayer M oS2 . They calculated the
formation energies of neutral and charged defects to determine the charge transition levels
as well as the resulting position of Fermi level. D. Wang et al. [71] present a simple and
efficient approach to calculate the formation energy and ionization energy (IE) of charged
point defects in two-dimensional systems including h-BN by supercell approximation. The
authors’ proposed a convergence of IE and it can be obtained by extrapolation at large value
of vacuum dimension to fix the problem of divergence nature of the Coulomb energy. N.Alem
et.al. [74] experimentally demonstrate the structural distortion at point defects in bilayer
h-BN by transmission electron microscopy. This experimental investigation claims that the
charged induced symmetry breaking is caused by interlayer bond reconstructions across the
bilayer h-BN, particularly by negatively charged boron vacancy defects and it results local
membrane bending at defects sites.
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I have presented and discuss the results of point defects from all my calculations. The
first task I undertook was to verify that our DFT scheme described well the structure of
bulk h-BN. In addition to the PBE-D functional, I considered several alternative exchange
and correlation functionals. I found that by changing the value of one parameter, the modified PBE-D functional gives interlayer separations in bulk h-BN that are in much better
agreement with the experiments than the other exchange and correlation functionals. The
modified PBE-D scheme was used to carry out the calculation of formation energies of all
defects in all h-BN systems.

3.1

DFT calculation of defect formation energies

Formation energy is the method to predict the relative stabilities of structures, and defined
as the energy released when individual atoms condenses to form a solid [75]. In ab-initio
calculations, the use of formation energy as a test for the formation of structure and its
phase relative thermodynamic stability at zero degree temperature.
Defects are ubiquitous in materials, predominantly by points defects, which have the
capability to influence the properties of materials like optical, electrical etc. Intrinsic point
defects in materials in general found in low concentration, about 1 in millions of atoms. Thus
the energy required to create a defect is known as formation energy. Thus the formation
energy of a neutral defects in the material is defined by :

D
0
E f (q) = EDF
T (q) − EDF T (0) +

X

µi ni

(3.1)

CHAPTER 3. POINT CHARGED DEFECTS IN H-BN

34

D
0
where EDF
T (q) and EDF T are the energies obtained from DFT of the defected and ref-

erence systems, respectively. In Eq. (3.1), µi is an ionic chemical potential, ni refers to
the number of atoms of type i is added (positive) or removed (negative) from the pristine
system. The neutral defect formation energy needs no electrostatic correction term due to
absence of any long range electrostatic defect-defect interactions.
Similarly, for the formation energy of charged defects, above Eq. (3.1) is modified in to:

D
0
E f (q) = EDF
T (q) − EDF T (0) +

X

µi ni + qεf

(3.2)

The additional term in above equation is comes due to charge defects. Where, εf is
the Fermi energy and q is the charge. The formation energy now a function of the Fermi
level in the system, with respect to pristine valance band maximum (VBM). Even the above
equation is unable to deal with the spurious electrostatic interactions between the periodic
array of charges and background.
The additional term in the above equation comes due to charge defects. Where εf is
the Fermi energy and q is the charge. The formation energy now a function of the Fermi
level in the system, with respect to pristine valance band maximum (VBM). Even the above
equation is unable to deal with the spurious electrostatic interactions between the periodic
array of charges and background. In below section, we proposed a numerical scheme which
is based on polarizable force fields and atomistic model structure.
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Correcting the DFT energy of charged supercells

To describe an extended and periodic material, DFT calculations employ the periodic boundary conditions (PBCs). The "box" containing the atoms and electrons described by using
DFT is called supercell and it is replicated infinitely along the three directions. Accordingly,
a DFT calculation of a supercell containing a net charge leads to a diverging energy, and
to prevent such divergence, the most common solution is to neutralize the supercell by using a compensating uniform charge background. Energies computed by DFT of supercells
containing a net charge and the compensating uniform background need to be corrected, to
eliminate the spurious electrostatic interactions between the periodic array of charges and
the background. Simple solutions and analytical formulas can be used to correct the DFT
energy of a homogenous periodic 3D solid with a charge in the supercell. In case of a 2D
material, correcting the energy resulting from a supercell DFT calculation of a charged supercell requires the use of numerical solutions. In this research work, I optimized and used
a numerical scheme that is based on polarizable force fields and atomistic model structures.
For sake of clarity, I here introduce the equation used to calculate the formation energy
of a charged defect based on DFT calculations:

D
0
E f (q) = EDF
T (q) − EDF T (0) +

X

µi ni + qεf + Ecorr (q)

(3.3)

Ecorr (q) is an energy term correcting for the spurious interactions between the defect
charge q, the compensating uniform charge background, and the periodic replicas of the
defected system [68]. This energy term is equal to Ecorr = E∞ − EL , i.e. the difference
between the energy of the isolated charged defect in the infinite material (E∞ ) and the
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3
V ) with

V being the volume of the supercell. To calculate an estimate of Ecorr (q) and hence correct
the energies calculated from DFT, I used the scheme briefly described here below.

Figure 3.2: Left panel, ball and stick image of an atomistic model structure. In our scheme,
each atomic site is described as shown in the 2D schematics enclosed in the dotted ellipse, i.e.
an ionic charge, Q (red disc), and an electronic charge, q (wide blue disc). The ionic charge
is connected to an equilibrium position via a harmonic spring K, and the electronic charge
is connected to the ion via a harmonic spring k. The electronic charge can be treated either
as a spherical shell or a Gaussian distribution of width σ. These parameters are calibrated
to reproduce high- and low-frequency dielectric constants of the material system.

To describe a material system within the periodic boundary conditions, I use (as in a
periodic DFT calculation) a periodic atomistic model structure. Each "atomic site" encompasses an ionic charge,Q , connected to an equilibrium position by a harmonic spring, K, and
an electronic charge,q, which can be treated either as a spherical shell or a Gaussian charge
distribution of width σ ( Fig. (3.2) for a schematic of the physical properties assigned to
each "atomic site"). Ionic and electronic charges belonging to the same atomic site interact
only via the harmonic spring, k, whereas inter-site electrostatic interactions are calculated
by using the Ewald method. In mathematical terms, the potential energy function, U , of a
periodic supercell encompassing N ions and n spherical shells takes the following form:
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(3.4)

U = Uspring + UEwald
where the elastic energy is given by,

n

Uspring

N

1X
1X
ki ∆si 2 +
Kj ∆rj 2
=
2 i=1
2 j=1

(3.5)

and the electrostatic energy is calculated as:

2

UEwald

2

−(σ G
N +n N +n
1XX X
|r̃i − r̃j − R|
2π X e 2 )
q̃i q̃j
=
erf c[ √
]+
|S(G)|2
2
2 n i j6=i |r̃i − r̃j − Rn |
V G6=0 G
2σew

N
+n
n
X
X
1
qi Q i
∆si
2
−√
q̃i + −
)
erf ( √
∆s
2πσew i
2σ
i
ew
i

(3.6)

where V is the volume of the supercell, n and Rn are indexes and corresponding lattice
vector of the direct space of supercells, G is a vector of the reciprocal space, q̃ indicates either
ionic (Q) or electronic (q) charges, r̃ refers to the vector position of either an ion (r) or an
electronic charge (s), σew is the parameter controlling the convergence of the Ewald sums,
∆r refers to the displacement of an ion from its equilibrium position, and ∆s indicates the
distance between ion and the respective electronic charge. In Eq. (3.6), S(G) is the structure
factor of the ionic and electronic charges, the first sum excludes the interactions between
ions and electronic charges belonging to same sites, and the last sum is used to eliminate
these same interactions from the sum in the reciprocal space. In case of electronic charges
treated as Gaussian charge distributions, Eq. (3.4) includes the following additional term:
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√
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|s̃i − r̃j − Rn |

#!
+
(3.7)

Where σi ’s corresponds to the widths of the Gaussian distribution to the electronic charge.
The energy scheme and methodology to calculate the was presented in Ref. [68]. In brief, to
determine equilibrium displacement of both ions and electronic charges (due to the presence
of either a static electric field or charge defect), we assign fictitious masses to both ionic
and electronic charges and we use conventional damped molecular dynamics techniques to
determine the ground state energy and dielectric displacements of the supercell. Periodic
model structures incorporating a charged defect are neutralized by using a uniform charged
background, and to estimate the correction energy to be used in Eq. (3.3), the polarizable
energy scheme in equations in Eq. (3.4) and Eq. (3.7) is used to calculate the EL and,
by extrapolating, E∞ . The parameters (K, Q) and (k, q, σ) for each atomic site require to
be calibrated to reproduce the high- and low-frequency dielectric constants of the material
system. In this research work, I carried out calculations in order to find the best set of
parameters to reproduce the dielectric properties of monolayer and bilayer h-BN (described
in results and discussion section).

3.1.2

Optimizing the semiempirical vdW-DFT scheme

Structure and properties of multilayer and bulk h-BN are governed by Van der Waals interactions between the layers. To account for these interactions in our calculations, we used the
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PBE-D scheme [76], which treats London dispersion forces at a semi-empirical level through
the inclusion of corrective energy terms per pair of atoms having the following from:

ij
Edisp
=−

C6ij
fdamp (rij )
6
rij

where rij is the distance between two atoms,C6ij =

(3.8)

p
C6i C6j is the geometric mean of the

atomic dispersive coefficients C6i , C6i and fdamp is a damping function independent of the
nature of two ions [50]. The expression of total energy is EDF T −D = EKS−DF T + Edisp , where
EKS−DF T is the usual self-consistent Kohn-Sham energy as obtained from density functional
theory and Edisp is empirical dispersion correction term given by Eq. (4.17).
To assess the accuracy of this scheme, we calculated the interlayer spacing, exfoliation
energy, and Young’s modulus of the bulk phase of hBN by using P BE, P BE − D, two
Var der Waals functionals [77], and a modified P BE − D functional based on the use of a
corrected value for C6i of B. The results obtained by using these 5 schemes are shown in
table (3.2). This comparison shows that both the PBE and uncorrected PBE-D schemes
are unable to reach a satisfactory agreement with the experiment, giving interlayer spacing
that are 30% larger and 7% smaller than the experimental value, respectively. As expected,
the Van der Waals functionals perform better than PBE or PBE-D, yielding an interlayer
spacing and Young’s modulus in a reasonable good agreement with the experimental values
[78]. In an attempt to recalibrate the PBE-D scheme and obtain a better agreement with the
experiment, we modified the original value of C6i for B (equal to 108.584 Ry bohr6 ), which
is excessively too large as compared to the values for C (60.710 Ry bohr6 ) and N (42.670 Ry
bohr6 ), and after spanning a range of values Fig. (3.3), we found that a value for C6i of B is
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33.0 Ry bohr6 gives both interlayer spacing and Young’s modulus of bulk h-BN in excellent
agreement with the experimental data. In the present study, we used the PBE-D scheme
with the modified value of C6i of B to describe the multilayer and bulk phase of h-BN.

Figure 3.3: Energy versus lattice constant c obtained by using a PBE-D scheme with values
of the dispersion coefficient (C6i ) for B ranging between 30 and 120 Ry bohr6 . A value of C6i
= 33.0 Ry bohr6 gives the best agreement with the experiment (6.66 Å shows by the green
line).
We have tried the five possible structure for the bulk structure of the h-BN, to resolve
the problem for which stacking pattern is the most stable one. They are A’B (staggered with
N over N), AA (eclipsed with N over N and B over B), AA’ (eclipsed with B over N), AB
(staggered with B over N) and AB’ (staggered with B over B). Among the high-symmetry
stacking orders proposed and investigated so far, the AA’ (eclipsed) stacking pattern is
experimentally the most favored one [79], whereas computationally, it has been determined
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Table 3.1: Lattice constants, exfoliation energy (eexf ), and Young’s modulus (Y) of bulk hBN
calculated by using the DFT schemes reported in the first column. Experimental values are
also shown.

PBE
PBE-D
PBE-D*
VdW-DF
VdW-DF2
Expt

a (Å)
2.512
2.508
2.509
2.513
2.518
2.504

c(Å)
8.614
6.190
6.660
7.000
7.000
6.660

eexf (meV)
1.70
76.10
35.41
52.48
51.62
—

Y (GPa)
4.50
71.8
30.1
27.0
—
33.9

Figure 3.4: A schematic diagram of the stacking arrangements for BN bulk structure. The
grey and blue represents Boron and Nitrogen respectively.
to correspond to the lowest energy layered structure for h-BN.

CHAPTER 3. POINT CHARGED DEFECTS IN H-BN

3.2

42

Results and discussion

The formation Gibbs free energy of a point defect is used to estimate the concentration of
point defects in a solid in thermodynamic equilibrium [80]. In this work, I used periodic DFT
calculations to estimate the formation energy at zero temperature and pressure of a selected
set of point defects in h-BN materials. To compute this quantity from known formula for
formation energy [81] from Eq. (3.3).
Here I calculated the formation energy for different structure of h-BN including monolayer, bilayer and bulk. I considered nitrogen and boron vacancy defects, and carbon substitutions for both N and B sites. The chemical potential of N was selected to be the
zero-temperature energy of N2 , that one for carbon was selected to be the zero-temperature
energy of a single C atom in graphite, whereas in the case of B, we adopted the conventional
choice of subtracting the chemical potential for N from the zero-temperature energy of a BN
unit in bulk h-BN [67].
As described methods in chapter "Correcting the DFT energy of charged supercells", the
corrective term Ecorr , was estimated by the extrapolating the value of electrostatic energy of
charged defect embedded in an infinitely large material system. Here below, this procedure
is explained and illustrated in detail in the case of a singly negatively charged C substituting
for N in monolayer h-BN. The parameters (K, Q) and (k, q, σ) for each atomic site require to
be calibrated to reproduce the high- and low-frequency dielectric constants of the material
system.
To calibrate the numerical scheme to calculate Ecorr , I calculated by DFT the static
dielectric constants of monolayer, bilayer, and bulk h-BN table (3.3). To carry out these
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Table 3.2: The anionic and cationic parameter in used in to reproduce high and low frequency
dielectric constant, where K and k are expressed in eV /Å2 , and the Gaussian width, σ, in
Å, and atomic and electronic charges Q and q, in electron charge units.
Material (h-BN)
1L
2L
Bulk

Cation, (Q, K); (q, k,σ)
B (1.0,5.5); (0, 0,0)
B (1.0,5.5); (0,0,0)
B (1.0,5.5); (0,0,0)

Anion, (Q, K) ; (q, k, σ)
N (0.25,6.0) ; (-1.25,1.0,6.9)
N (0.25, 6.0) ; (-1.25,1.0,6.0)
N (0.25, 6.0) ; (-1.25,1.0,6.0)

calculations, I adopted the method described in Ref. [72]. Where the static dielectric
constant is calculated by considering damped molecular dynamics in electric field. The
metastable state induced by finite electric field with in periodic boundary condition is defined
by:

E E [Ψi ] = E (0) [Ψi ] − E.P [Ψi ]

(3.9)

where E (0) [Ψi ] is the energy functional with out electric field and P [Ψi ] is the polarization
along the direction of finite electric field E. With in the given electric field, induced variation
of polarization, the supercell dielectric constant is calculated by:

εsupercell =

4π ∆P
+1
L3 E

(3.10)

where, ∆P E is the variation of polarizarion and expressed as,

∆P E = P E − P 0

To calculate the dielectric constant of the layer, I used the following formula [80]:

(3.11)
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Lz
(εsupercell − 1)
t

(3.12)

To estimate the dielectric constants of monolayer and bilayer h-BN εlayer , these values
are obtained from the supercell DFT calculation εsupercell . In Eq. (3.12), "Lz " is the size of
the supercell in the direction perpendicular to the h-BN layers, whereas "t" is the thickness
of the 2D material, equal to 3.33 Å and 6.66 Å for monolayer and bilayer h-BN, respectively.
Table 3.3: Dielectric constant perpendicular and parallel obtained from DFT and molecular
dynamics (MD) calculations.
h-BN
1L
2L
Bulk
Bulk(Expt)

εx||
6.00
6.60
6.63
6.63

DFT
εy||
6.00
6.60
6.63
6.63

εz⊥
1.80
2.13
3.66
3.48

εx||
6.00
6.64
6.64

MD
εy||
6.00
6.64
6.64

εz⊥
1.90
2.04
3.48

From the table (3.3), in both DFT and atomistic model Ref. [68] gives almost comparable
value of in plane and out of plane dielectric constant in 1L, 2L and Bulk. In the agreement
with recent DFT studies [69, 71, 81], DFT only unable to handle the calculation of formation
energy of charged defects in low dimensional materials. For the calculation of Ecorr =
E∞ − EL , we adopted numerical scheme [68], and expanded supercell size in all direction as
increase in size. Table (3.4) gives the correction energy for different charge states for 1L, 2L
and Bulk structure.
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Table 3.4: Correction energy [Ecorr = E∞ − EL ] for different charge state
system
Monolayer
Bilayer
Bulk

Figure 3.5: Ecorr vs
extrapolation.

3.2.1

1
L

q = −1
0.927
0.527

q = −2
4.0

q = −3
8.8

0.89

of the mono and bilayer where correction energy is calculated by the

Defects in 1L-hBN

I give great care to evaluate a degree of distortion by calculating the distance between
atoms around the vacancy as well as substitutional defects in each case. For this, atoms
around mono- vacancy were connected by lines and form a triangle where as bond-length for
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substitutional defects. I have used density functional theory (DFT) for the study of different
kind of point defects on the surface of h-BN. Among the different types of point defects, we
have studied B and N vacancies (VB and VN ), and substitutional defects, predominantly C
atoms substituting for either N (CN ) or B (CB ) sites [67].

Figure 3.6: The top view of optimized local structure for neutral defects of (a) single nitrogen
vacancy (VN ), (b) single boron vacancy (VB ),(c) carbon substitutional of nitrogen site (CN ),
and (d) carbon substitutional of boron site (CB ). Where grey, blue and yellow represents
Boron, Nitrogen and carbon atom respectively.

From the Fig. (3.6), we see the significant structural distortion around the defects, and
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from the table (3.5), the distances between all atoms around the defects are same for all
mono-, bi- and bulk structure. In the case of vacancy in nitrogen, the BB distance is 2.30
Å, 2.09 Å and 2.49 Å for neutral VN0 and charge VN−1 and VN+1 defects respectively. From
the calculations it shows that BB bond length at vacancy VN−1 decrease from neutral defects
where as increases for VN+1 because the change in local symmetry and coulomb repulsion.
Similarly for the vacancy in boron in neutral defects VB0 , the NN distance is 2.70 Å with
the opposite spin while the distance between two NN atoms with same spin is 2.77 Å due
coulomb repulsion. As VB−1 is in negative -1 charge state, its local symmetry change from C2ν
to D3h [67], and the three NN bond lengths at the vacancy decrease to 2.64 Å. In the case of
carbon substitution in nitrogen site (CN ), the CB bond length is 1.51 Å for the (CN0 ), which
is longer than that of (CN−1 ) 1.46 Å, and shorter than (CN+1 ) 1.52 Å because the variation
of atomic size of C and N. In the case of carbon substitution in boron site (CB ), the CN
bond length is 1.41 Å for the (CB0 ), which is shorter than that of BN (1.45 Å) because of the
smaller atomic size of C than B. The CN bond length around the defect is 1.38 Å and 1.46
Å, when one excess hole or and electron is induced to (CB0 ).
Table 3.5: Change of bond length and lattice constant around the defect area for monolayer
h-BN. All the distance units are in Å

0
2.30
2.30
2.30

VN
-1
2.09
2.09
2.09

+1
2.49
2.49
2.49

VB
0
2.70
2.70
2.77

-1
2.63
2.63
2.64

0
1.51
1.51
1.51

CN
-1
1.46
1.46
1.46

+1
1.52
1.52
1.52

0
1.41
1.41
1.41

CB
-1
1.46
1.46
1.46

+1
1.38
1.38
1.38

Hexagonal boron nitride (h-BN) exhibits unique electronic properties such as a wide
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indirect bandgap 6̃ eV, low dielectric constant, high thermal conductivity, and chemical inertness, which makes wide range of applications. Their optical property has great fascinating
properties because it can be used in optoelectronic applications in UV region even in room
temperature. Moreover, h-BN is promising materials for laser devices because it has a band
gap in the ultraviolet region, in a room temperature. Despite of its great properties by
known the band gap of the h-BN, still it’s very hard to get correct band structure of the
h-BN by ab-initio calculations. Defects within the layered materials like h-BN itself affect
the electronic properties in a different manner; in present work, depending on different types
N and B vacancies and substitutional defects by C, the electronic structure of hBN change
correspondingly, and also induced different magnetic moment in the system. The calculated
band structure for pristine h-BN followed symmetry direction (K, Γ, M ) and density of state
are shown in the Fig. (3.7). We use PBE calculations, which underestimates the band gap
and it is found to be 4.67 eV.

Boron vacancy (VB )
For the case of neutral defect of VB0 , Fig. (3.8), it is found that there are one and two unoccupied defect levels of the spin-up and spin-down electrons respectively, above the valance
band maximum (VBM) because of the John teller effect. The magnetic moment of N atoms
at vacancy is 1,1 and -1 µB respectively. There are three unoccupied defect levels in the
band gap of VB , then it is expected that the possible charge states of the VB can be range
from 0 to -3. Because of the defect symmetry change form neutral to charged defects, the
configuration of charged defects also changed.
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Figure 3.7: PBE calculated band structure and density of states (DOS) of pristine hBN.
Fermi level is set to 0 eV.
For VB−1 after adding one electron to the system, the unoccupied electron in spin up
channel becomes occupied, left behind two unoccupied electrons in spin down states, giving
rise to a total magnetic moment of 2 µB . Thus the NFE state is pulled down when the
system is in negatively charged due to the electrostatic mechanism [82, 83]. For the case of
VB−2 , by adding one more electron to the system, one of the two unoccupied state becomes
occupied and, the defect levels shift up in the energy due to the Coulomb repulsion between
the occupied electrons. Again, adding one more electrons added to the VB−2 , the defect level
further shifted up and NFE dropped down even below the Fermi level, which makes NFE
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(e)
Figure 3.8: The PBE calculated spin polarized band structure of (a) VB0 (b) VB−1 (c) VB−2
and (d) VB−3 . Where the blue and red color band structure for spin up (blue) and spin down
(red) respectively. (e) The top view of real space distribution of wave function around the
defective point for neutral defects.
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states partially occupied. But from the formation energy calculation, (described below on
chapter 3.4), after the correction in energy, VB−2 and VB−3 are unstable states. So, it is very
hard to describe these two charge states.

Nitrogen vacancy (VN )
After creating the vacancy in nitrogen, the total spin magnetic moment of N atoms at vacancy
are equal to each other and contribute to a total magnetic moment of 1µB . There is occupied
level in spin up (blue) where as unoccupied level in spin down (red) state. The possible charge
states of VN range from -3 to +1 by simply counting the number of occupation of defects
levels in the band gap. Along with the decrease of B-B bond length around the defect 2.30
Å, VN does not produce spin magnetic moment after creating charge defects. There is only
one occupied defects level in the spin up channel; the possible charge states do not exceeds
+1. For the case of VN+1 , the occupied level becomes unoccupied after adding one hole on
the system, and then the system becomes spin-unpolarized, because of the upshift of the
nearly free electron (NFE) towards the conduction band minimum (CBM). Similarly, for the
case of VN−1 , after adding one electron to the system, the unoccupied level in the spin down
channel now becomes occupied, and the system becomes spin-unpolarized, due to down shift
of nearly free electron (NFE) states in energy.

Carbon substitutions for N and B sites (CN , CB )
Boron, Carbon and Nitrogen are next to each other in the periodic table.

Carbon is

most common impurity while fabricating BN layer by well-known chemical vapor deposition (CVD) method. The valance electrons between B and C and C and N is differ by only
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(d)
Figure 3.9:
The PBE calculated spin polarized band structure of VN . The occupied level in spin up (blue)
where as unoccupied level in spin down (red) state for (a) VN0 , (b) VN+1 , (c) VN−1 . (d) The top
view of real space distribution of wave function around the defective point for neutral defects.

one, therefore there is high chance of defect level induced by the carbon is higher than other
kind of defects. Since the valance electrons of N is one more than the C, there is the defect
level in the band gap originated from the valance band.
From the figure, there is occupied level in the spin up state, where as unoccupied level
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(d)
Figure 3.10:
The PBE calculated spin polarized band structure of CN . The occupied level in spin up
(blue) where as unoccupied level in spin down (red) state for (a) CN0 , (b) CN+1 , (c) CN−1 . (d)
The top view of real space distribution of wave function around the defective point for neutral
defects.
in the spin down states in case of the neutral impurity CN0 . The possible charge state of
CN is range from +1 to -1, because there is only one defect level in the band gap of CN ,
resulting total spin magnetic moment is 1µB . When one excess hole is added to the CN0 , the
occupied spin down states is now fully unoccupied and left behind spin-unpolarized system.
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Thus more excess holes are added to the VBM. Similarly, by adding one excess electron
also makes all system spin-unpolorized because both spin up and spin down states are fully
occupied.
Between C and B, C is more electronegative than B, and the defective level arises in spin
up (occupied) and spins down (unoccupied) states by pull down from the conduction band,
in the case of CB0 . Since there is only one defective level in the band gap, the possible charge
states of CB may ranges from -1 to +1. When on excess hole is added to defective level of
CB0 , the occupied defective level in spin up states becomes unoccupied and system becomes
spin-unpolarized, and NFE states is upshifted significantly. Similarly, by adding one electron
to the CB0, NFE states downshift almost below to the Fermi level, and hard to analyze the
defective level. From above two defective level, only +1 charge state could be realize from
the band gap.
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Figure 3.11:
The PBE calculated spin polarized band structure of CB . The occupied level in spin up (blue)
where as unoccupied level in spin down (red) state for (a) CB0 , (b) CB+1 , (c) CB−1 . (d) The top
view of real space distribution of wave function around the defective point for neutral defects.

Transition energy levels
There are always neutral defects in metals, whereas, for semiconductors or insulators, each
defects is in various charged states. These charges in semiconductor or insulator are accomplished by exchanging electron reservoir (called as electron chemical potential), Fermi energy
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and conventionally referenced to the valance band maximum (VBM) in the bulk structure.
The different charge state of defects in semiconductor or insulator plays significant role for
materials characterization and device applications. For example, on changing the charge
state of the defect, by shifting the Fermi level with an applied electric field, the local atomic
structure can change and defects assume a new ground state energy [84]. Furthermore, the
defect exhibit charge state transition levels in the band gap, which determine the electronic
behavior and can be used as the basis of experimental detection or identification of the defects. Here, we represent charge state of a defect with superscript q: where q = 0 for neutral
defect, q = -1, if one electron is added and q = +1, if one electron is removed.
In the case of VN , formation of neutral defect is 7.69 eV and the charge state transition
level from (+1/0) and (0/-1) is found to be 5.83 eV and 6.32 eV respectively. Similarly
for the case of VB , the formation energy for the neutral defect is 7.65 eV, slightly less than
the VN . The charge state transition for VB from (0/-1) is 1.64 eV. From the plot, after the
correction energy, higher charge state greater than q = -1, are unstable. There is no need
to care about the higher charge state, however there is some report before correction by
one paper Ref. [67]. In the case for CN site, the formation energy for the neutral defect is
4.17 eV, and the charge state transition from (0/-1) is 2.96 eV, where there is no transition
from (+1/0) because, positive charge is unstable after correction in formation energy. The
formation energy of CB for the neutral defect is 1.89 eV, which is the lowest formation energy
among all kind of defect as reported. The charge transition state from (+1/0) and (0/-1)
are 2.01 and 5.74 eV respectively.
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Figure 3.12:
Schematic illustration of formation energy vs Fermi level (eV) of monolayer for (a) single
nitrogen vacancy (VN ), (b) single boron vacancy (VB ), (c) carbon substitutional of nitrogen
site (CN ), and (d) carbon substitutional of boron site (CB ), that can occur in three states q:
+1,0, -1. The defects exhibits two charge state transition level; from (+/0) and (0/-) level.
The thick solid line indicates the energetically most favorable charge state for given Fermi
level.
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Defects in 2L-hBN

In the case of VN , formation of neutral defect is 7.80 eV and the charge state transition level
from (+1/0) and (0/-1) is found to be 5.49 eV and 5.74 eV respectively. Similarly for the case
of VB , the formation energy for the neutral defect is 7.68 eV, less than the VN . The charge
state transition for VB from (0/-1) is 0.98 eV and higher charges states are unstable after
correction. In the case for CN site, the formation energy for the neutral defect is 4.16 eV, and
the charge state transition from (0/-1) is 2.26 eV, where there is no transition from (+1/0)
because, positive charge is unstable after correction in formation energy. The formation
energy of CB for the neutral defect is 1.84 eV, is the lowest formation energy among all kind
of defect as reported. The charge transition state from (+1/0) and (0/-1) are 2.51 and 4.90
eV respectively.
Table 3.6: shows the formation energies for charged as well as neutral defects for mono and
bilayer h-BN.
Ef
1L
2L

0
7.69
7.80

VN
+1
5.84
5.49

-1
12.32
11.74

VB
0
7.65
7.68

-1
9.33
8.66

0
4.17
4.16

CN
+1
4.97
4.44

-1
7.12
6.42

0
1.89
1.46

CB
+1
-0.12
-0.69

-1
7.65
6.70

Table 3.7: charged state transition level from positive to neutral (+1/0) and neutral to
negative (-1/0) for mono and bilayer hBN.
Defects
charge state transition level
1L
2L

VN
(+1/0)
1.85
2.34

(0/-1)
4.70
3.93

VB
(0/-1)
1.64
0.98

CN
(0/-1)
2.96
2.26

CB
(+1/0)
2.01
2.51

(0/-1)
5.74
4.90
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Figure 3.13:
Schematic illustration of formation energy vs Fermi level (eV) of bilayer for (a) single
nitrogen vacancy (VN ), (b) single boron vacancy (VB ), (c) carbon substitutional of nitrogen
site (CN ), and (d) carbon substitutional of boron site (CB ), that can occur in three states q:
+1,0, -1. The defects exhibits two charge state transition level; from (+/0) and (0/-) level.
The thick solid line indicates the energetically most favorable charge state for given Fermi
level.
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Figure 3.14:
Schematic illustration of formation energy vs Fermi level (eV) for different charge states of
(a) monolayer and (b) bilayer for VN (red line), VB (yellow line), CN (green line),and CB
(blue).
In case of mono- and bilayer h-BN, shown in below Fig. (3.14), most of the defects
are stable in different charge state by use of corrected energy (Ecorr ) in formation energy.
Thus, Ecorr is able to correct the correct position of defect level in the band gap. From
table (3.6), formation energy increases with increase in layer for vacancies defects (VN , VB )
in neutral defects and decreases with increase in substitutional defects (CN , CB ). Moreover,
there is always decrease in formation energy in charged state for all mentions defects due
to electrostatic polarization effect. Furthermore, with increase in Fermi level, charge state
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transition level from positive to neutral (+1/0) always increases and from neutral to negative
(0/-1) always decreases. In case of VN and CB , table (3.7), the charge state transition levels
from 1L to 2L shifted by increasing the value around 0.50 eV. And while going from positive to
neutral charge states (+1/0), shifted by decreasing around value 0.75 eV going from neutral
to negative charge states (-1/0) in all types of defects. This results shows that, charge
transition from (-1/0) is predominately found in all types of calculated charged defects.
Moreover, the calculated formation energy of charged defects in bilayer h-BN is lowered by
0.5 eV lower than the monolayer h-BN due to an electrostatic polarization effect. This shows
that, as we increase the number of layers, most of the time Fermi level is in charged state
and one types of point defect is always in charged states in the band gap.

Chapter 4
Mechanical properties of 2D and 3D BN
materials
Most recently, under certain pressure on graphite, which is sp2 -bonding in nature, can be
converted sp3 -bonding diamond like structure by certain compression in c-direction or surface chemical passivation [15, 23]. Neves et al. used a experimental methods to convert
a multilayer graphane flim on SiO2 to diamond like film with the surface fully exposed to
air passivated by hydroxyl group [85]. The new technology by proposed by the Bongiorno
et al. [31] by combining non-indented and cAFM experiments with density functional theory (DFT) calculations, under certain compression, a bilayer graphene film on SiC (0001)
transformed to diamond like film exhibiting a stiffness comparable to that of a bulk diamond
substrate [15, 31]. Above-mentioned research conducted by the different groups claimed that,
they found stable sp3 diamond like structure under certain pressure or surface passivation.
This motivates our group to do research on the different materials than graphite, named
Boron Nitride (BN), because of the similar nature of graphene and hexagonal Boron Nitride
62
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in many structural properties. Barboza et al. recently published paper that compressioninduced modification of few-layered h-BN in to conductive boron nitride 2D materials that
is stable at ambient pressure [23]. According to them, they induced pressure on sp2 h-BN
and form sp3 BN (bonitrol) under the presence of the hydroxyl chemical bonds. They are
claiming that bonitrol is a conductive material with large work function. As above mention, we proposed that there is the formation of sp3 BN under compression of h-BN. We
use the DFT calculations to find the most stable structure of bulk as well as film structure
of sp3 bonded BN from bi- and tri-layer h-BN. Moreover, we are trying to understand the
electronic, Mechanical properties of different sp3 bonded BN. Also, the possibilities of phase
transformation from sp2 to sp3 bonding by pressure induced from c-direction. I started from
the h-BN by considering AA’ as the most stable stacking pattern among all possible stacking.
But, the energy difference between all stacking patterns is not significantly difference with
each other. That means, any stacking patterns could be possible to form. I have tried these
possible stacking patterns, which are A’B, AB, AA, AA’ and AB’.
In order to study the elastic properties of different phases of BN, the elastic constants
(Cij ), shear modulus(G), Young’s modulus (Y),Poisson’s ratio (ν) have been calculated and
presented. The cubic, hexagonal and orthorhombic has different independent elastic coefficients Cij are reported in this thesis. In below table, we have listed the calculated elastic constants along with available theoretical and experimental data of similar type of compounds
for comparison. At present, the newly developed some structure has no experimental data
are available because of first time study. The calculated elastic constants presented in Table
are positive and satisfy the conditions [86]. This suggests that the different phases of BN
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are mechanically stable strucutre.
The knowledge of the Young’s modulus and Poisson’s ratio are very important for the
industrial and technological applications. The Young’s modulus provides useful information
about the measure of the stiffness of the solids, i.e. the larger the value of (Y), the stiffer is
the material. The Poisson’s ratio provides the information about the characteristics of the
bonding forces. The Poisson’s ratio for a brittle material is very small, whereas for a ductile
metallic material it is typically 0.33 [87].

4.1

Introduction to finite elasticity theory

The study of the elastic properties of solid materials attracts great interest for researchers
because the elastic constants provide information about the structural stability, mechanical
properties, strain, stress, breaking point and strength of the materials. In this section, I
introduce the basic theory behind the elastic properties.
The elastic properties defines how a material undergoes stress deforms by application of
strain and then recovers and returns to original shape after stress ceases. This mechanical
properties plays import role for providing the most valuable information about the binding
characteristics between adjacent atomic planes, the anisotropic character of binding and
structural stability.
Hook’s law in general defined applied force (F s) as a function of the displacement (dx)
with in the elastic limit. That means, Fs = −kdx, where k is constant factor characteristics
of the materials, and the negative sign indicates for the restoring force opposite to that of the
displacement. In general, for real case, all materials are an anisotropic in nature. Thus, the
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stress and strain of the solid materials can be described as a matrix, because of complexity
nature of the solid materials. To address the complexity, the relevant state of the medium
around a point must be represented by two-second order tensors. Where, the strain tensor,
ε (in the place for displacement) and the stress tensor σ (in the place for restoring force). In
continuous media, for general case, Hook’s law may be expressed as:

σi = Cij εj

(4.1)

,where ’C’ is the forth order tensor called as stiffness tensor or elasticity tensor. It can
also written in the form,
εi = Sij σj

(4.2)

where, the tensor ’S’ is called as the compliance tensor. It is important to note that the
both σ and S are symmetric tensors (off-diagonal components are equal).
In Cartesian coordinate system, the stress and strain tensor can be written in 3x3 matrices
as,


ε11 ε12 ε13 



ε=
ε21 ε22 ε23 


ε31 ε32 ε33



σ11 σ12 σ13 



σ=
σ21 σ22 σ23 


σ31 σ32 σ33

In general Hooks law in terms of stress and strain tensor,

σij = Cijkl εkl
(4.3)
εij = Sijkl σkl
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where, i, j = 1, 2, 3 and symmetry effect leads to a significant simplification of the stressstrain relationship. Thus, all these all three tensor are vary from point to point inside the
solid medium. The stress tensor σ specifies the force that arises from neighboring medium
particles, where as strain tensor ε specifies the displacement of the medium particles from
the original position. Where as the stiffness tensor ’C’ and compliance tensor ’S’, is the
property of the material and they are depends upon physical state of the variables.
Additional simplification of the stress-strain relationship can be realized via simplifying
the matrix notation for stress and strain. We can replace the indices as follows:

11 → 1

23 → 4

22 → 2

13 → 5

33 → 3

12 → 6

Matrix representation of the Voigt notation, The above Hook’s law in Voigt notation can
be written as,
   
σ11  σ1 
   
σ  σ 
 22   2 
   
   
σ33  σ3 
  
[σ] = 
 = 
σ23  σ4 
   
   
σ  σ 
 13   5 
   
σ12
σ6





 
 ε11  ε1 

  
 ε  ε 
 22   2 

  

  
 ε33  ε3 
= 
[ε] = 

  
2ε23  ε4 

  

  
2ε  ε 
 13   5 

  
2ε12
ε6

The stiffness tensor (C) and compliance tensor (S), is 4-rank tensor, which is known as
the elastic modulus tensor. Each of the components is known as an elastic stiffness Constants
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(or simply elastic constants). These components measures the how hard the material is. A
large elastic stiffness constant means that it costs more energy to deform the solid. Small
value of elastic constants means soft material. For the four ranked tensor, there are four
indices, i, j, k and l, each of which takes the three possible values x, y and z. In total there
are 3x3x3x3 = 81 different Cijkl , means 81 elastic constants. But in reality, we just need
maximum 21 of them, because of the symmetric nature.


C1111

C
 2211


C3311
[C] = 

C2311


C
 1311

C1211


C1122 C1133 C1123 C1131 C1112 

C2222 C2233 C2223 C2231 C2212 



C3322 C3333 C3323 C3331 C3312 


C2322 C2333 C2323 C2331 C2312 


C1322 C1333 C1323 C1331 C1312 


C1222 C1233 C1223 C1231 C1212


C11

C
 12


C13
=

C14


C
 15

C16


C12 C13 C14 C15 C16 

C22 C23 C24 C25 C26 



C23 C33 C34 C35 C36 


C24 C34 C44 C45 C46 


C25 C35 C45 C55 C56 


C26 C36 C46 C56 C66

Thus, in general, Hook’s law is written as,

[σ] = [C][ε]
(4.4)
σi = Cij εj
Considering the symmetry condition found in different crystal can reduce the 21 independent elastic constants further. In case of isotropic crystal, the elastic constants are reduced
from 21 to 2 only. Different crystal system can be characterized exclusively by their symmetry. In my study I use cubic, hexagonal, wurtzite and orthorhombic structure, which I also
explained below with respective chapter.
Deformation means the change in shape and size of the body from the initial or un-
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deformed configurations. When a rigid body changes from initial position to deformed final
position, then there is the change in displacement (translations) as well as rotations. This
change in translations and rotations is the main source of the stresses Q on the rigid body.
A displacement field can describe as a change in the configuration of the rigid body from
un-deformed configurations with deformed configurations. Thus, a displacement field is a
vector field of all displacement vectors for particles in the rigid body, which relate initial undeformed configuration with the final deformed position. The deformation of the body from
the reference configuration to the deformed configuration is described by mapping,x = x̃(X)
,where X ∈ Ro , x ∈ R which takes Ro → R.

ũ(X) = x̃(X) − X
x̃(X) = ũ(X) + X
Let X is the position of the particle of the rigid body in reference configuration. On the
application of force on particle, there are always questions, what are the state of stresses
at this particles and its neighborhood ? Here we are trying to address this kind problem
in deformation in this particle and its entire neighborhoods, which plays the crucial role in
the continuum mechanics. Consider X is centered of rigid material and what happens to X
under deformation ? We are expecting that there is local deformation near X, is the results
of rigid translation and rotation. This is described by the deformation gradient tensor at a
particle position X,

F (X) = Grad x(X)

(4.5)
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R
Ro
P’
P

u
X

x
O

Figure 4.1: The regions R0 and R occupied by a body in a reference configuration and a
deformed configuration. The position vector of a generic particle in these configurations is
denoted by X and x respectively. Where u is the displacement of this particle.
This principle used to study the deformation in x and neighborhoods of x. The deformation gradient F (X) is a second order tensor field and its components,

Fij (X) =

∂xi (X)
∂Xj

(4.6)

,corresponds to the elements of a 3x3 matrix field [F(X)].
Consider two particles p and q located at X and X + dX in the reference configuration
at point P and Q, joining infinitesimal distance dX. In the deformed configuration these
two particles are located at x(X) and x(X + dX) respectively, and deformed infinitesimal
distance is described by,
dx = x(X + dX) − x(X)
Since p and q are the neighboring particles, which can be approximate this expression for
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Deformed configuration
F=V’V-1
V’

V
Q

u(X+dX)=u(X)+du

dx

dX

P

P’
u(X)
x+dx

X

Q’

x

X+dX

x3, X3

x2, X2

P : X

P’ : x (X)

Q : X + dX

Q’ : x (X + dX)

x1, X1

Figure 4.2: Undeform and deform configuration of body.
small |dX| by the Taylor expansion,

dx = (Grad(x))dX + O(|dX 2 |)
= F dX + O(|dX 2 |)
Which can be formally written in the form,dx = F dX, or in terms of component form,

dxi = Fij dXj
∂xi
Fij =
∂Xj

(4.7)

Thus F carries an infinitesimal un-deformed material fiber dX in to its location by dx in
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the deformed configuration. We can define the deformation gradient Fij as,

Fij =

∂xi
= Vik0 Vkj−1
∂Xj

(4.8)

,is the general form of deformation gradient in terms of spatial (xi ) and marital (Xj )
coordinates where V’ and V are the 3x3 matrices whose column are the vectors a~01 , a~02 , a~03
and a~1 , a~2 , a~3 defining the supercells and real space lattices of the deformed and reference
material systems, respectively [88].
For the introduction of stress, Cauchy stress tensor is a true 2nd rank stress tensor, consists of nine components σij that completely defines the stress at a point inside a material
in the deformed state or configuration. The Cauchy stress tensor obeys the tensor transformation law under a change in the system of coordinates. It is used for stress analysis of
material bodies experiencing small deformations. In our case, we use Piola-Kirchhoff tensor
to deal with finite or large deformation.
,where,

σ11 σ12

σ=
σ21 σ22

σ31 σ32




 

σ13  σxx σxy σxz  σxx τxy τxz 
 
 


σ
 ≡ τ
≡
σ23 
σ
σ
σ
τ
yy
yz 
  yx yy yz   yx
 
 

σ33
σzx σzy σzz
τzx τzy σzz

(4.9)

The nine components of σij of the stress vectors are the components of a second order
tensor called the Cauchy stress tenors, which completely defines the state of stress at a point.
Where σ11 , σ22 , σ33 are normal stresses where σ12 , σ13 , σ21 , σ23 , σ31 , σ32 are shear stresses. The
first index i indicates that the stress act on a plane normal to the Xi -axis, and the second
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Figure 4.3: Component of stress in three dimension.
index j denotes the direction in which the stress acts (For example σ21 implies that the stress
acting on the plane that is normal to the 1st axis, (i.e. X1 axis) and measure of force acts
along the 2nd axis (i.e. X2 axis).
With in the large frame work of finite strain theory, the Lagrangian elastic strain εij is
defined by [89], with δij the Kronecker delta.

1
εij = (Fki Fkj − δij )
2

(4.10)
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Linear and nonlinear elastic constants from DFT calculations

In DFT, elastic constants are derived from the total energy of a strained crystal, which is
expressed in terms of internal energy U at fixed entropy to third order in strain is written
as;
1 ∂ 2U
1
∂ 3U
εij εlm +
εij εlm εpq
2! ∂εij εlm
3! ∂εij εlm εpq
1 (3)
1 (2)
= Cijlm εij εlm + Cijlmpq εij εlm εpq
2
6

U=

(2)

(4.11)

(3)

where, Cijlm & Cijlmpq are the second order elastic constants (SOECs) and third order elastic constants (TOECs) respectively, at the un-stretched reference state. First-order
differentiation of U with respect to components of the Lagrangian strain tensor gives the
second Piola-Kirchhoff (2nd ) stress tensor (A nonlinear elastic response was governed by the
third order stress strain relationship: the 2nd-PK stress tensor is written in terms of elastic
constants and Lagrangian strain as [89],)

Pij =

∂U
1 (3)
(2)
= Cijlm εij εlm + Cijlmpq εlm εpq
∂εij
2

(4.12)

with second Piola-Krichhoff (2nd − P K) stress Plm and Cauchy (true) stress (σij ) tensor
are related to each other as follows:

σij =

V
Fil Plm Fjm
V0

(4.13)

Where V’ and V are the volumes of the deformed and reference supercells, respectively.
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(3)

In particular, using Voigt’s notation Cijlm ↔ Cαβ and Cijlmpq ↔ Cαβγ , where Greeks
indices run from 1 to 6 with xx → 1, yy → 2, zz → 3, yz → 4, xz → 5 and xy → 6. Under
this consideration, this method has been used to calculate the second and third order elastic
constants by finite difference formula as:

(+∆εβ )

(2)
Cαβ

Pα
∂Pα
=
=
∂εβ

(−∆εβ )

− Pα
2∆εβ

(4.14)

First, if at least two out of three indices are equal, we use,

(+∆εβ )

(3)
Cαβγ

∂ 2 Pα
Pα
= 2 =
∂ εβ

(−∆εβ )

+ Pα
∆ε2β

(0)

− 2Pα

(4.15)

Second, β 6= γ, we use,

(+∆εβ ,+∆εγ )

(3)
Cαβγ

=

Pα

(−∆εβ ,+∆εγ )

− Pα

(+∆εβ ,−∆εγ )

− Pα
4∆εβ ∆εγ

(−∆εβ ,−∆εγ )

+ Pα

(4.16)

This method to calculate the elastic constants is based on nonlinear elasticity theory, finite
(±∆εβ )

deformation, and numerical differentiation techniques. Where Pα

is the component α of
(0)

the 2nd-PK tensor of the periodic material deformed by a small finite strain ±εβ . And, Pα

refers to the component fo the 2nd-PK stress tensor of the reference material. In practice, we
first determine the reference state of materials, then we apply homogeneous finite strain ±εβ ,
and we use periodic DFT approach to calculate the Cauchy stress tensor of the deformed
supercells by using Eq. (4.10) to Eq. (4.16), , then we obtain the values of elastic constants.
In practice, our method to calculate SOECs and TOECs involves the following steps.
First we construct a strain tensor with the β component equal to +∆εβ = 0.005 (values
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between 0.0025 and 0.015 give equivalent results). Then we use Eq. (4.10) to calculate
the deformation gradient Fij , and Eq. (4.8) to generate the geometry of the supercell in
the deformed state. We carry out a DFT calculation to fully optimize ionic positions and
calculate the Cauchy stress tensor [90, 91], and finally we use Eq. (4.12) to determine the
(+∆εβ )

value of Pα

(−∆εβ )

. We repeat the procedure to calculate Pα

, and finally we use Eq.

(4.14) and Eq. (4.15) to determine the value of the SOEC and TOEC respectively. With
this method, each SOFC or TOEC can be calculated independently, by carrying out a few
DFT optimization calculations [88].
A Mechanical properties measures the stiffness of the solid material. Basically, it is the
linear relationship between stress (force per unit area) and strain (proportional deformation)
in a material of the uniaxial deformation. Young’s modulus can be calculated by the tensile
stress [σ(ε)], by the extensional strain, ε with in elastic limit.

4.3

BN bulk phases

Motivated from the discovery of new sp3 structure of carbon under high-pressure compression. we perform on h − BN under high pressure in a search of new possible structure of sp3
BN. Cubic BN (c − BN ) and wurtzite BN (w − BN ) are the most stable sp3 structure of
BN. Although no other structure are studied except c-BN and w-BN in the laboratory, but
there is still important to explore new phases theoretically to gain better understanding of
the phase transition of BN . The c − BN is super hard material after cubic diamond, which
has higher thermal and chemical stabilities than diamond in nature. Along with diamond,
c − BN and w − BN is exceptionally hardest materials in nature too. As we know, h − BN
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is layer structure where two adjacent layers are held together by weak Van der Waals force.
Due to this fact, h − BN layers are easily compressed under high pressure, and there is a
possibility of formation of bonding between two layers. Here, in the search of new phases of
BN , We constructed the several plausible conformations of BN bilayers film and found stable after optimizing these structures. To cosntruct the sp3 -bonded bilayer films, we started
off with bilayer h − BN . Then we hydrogenated alternating zigzag and armchair chains of
BN atoms of one of the two outer surface. Similarly, we constructed the bulk phase of BN,
by replicating the films along the transverse direction. Along with c − BN and w − BN , the
new formed structure we named BN4 , xBN8 and yBN8 . BN4 is constructed by carving out
from two (001) planes. xBN8 and yBN8 are constructed from films with H along armchair
and zigzag chains are orthorhombic symmetry, have space groups Cmca (group number 64,
28
28
Schoenflies notation D2h
) and groups Imma (group number 74, Schoenflies notation D2h
)

respectively. I choose 4 atoms in each layer, collectively 8 atoms in the unit cell for BN4
and yBN8 and 8 atoms in unit cell in layer for xBN8 , collectively 16 atoms in unit cell. All
these structure is orthorhombic structure in nature. Two layers are involved in each unit
cells. The computed electronic structure indicated that the all bulk structure is insulator
and have large indirect band gap. From the calculations, we found all bulk structure has
comparable elastic properties. We have studied the atomic stability, electronic structure,
and mechanical properties in details of these structures. The electronic structure of all bulk
structure is insulator with finite band gap. Below in Figure, is the most optimized and stable
structure under zero temperature and pressure.
The lattice parameter for c-BN from DFT calculation is 3.62 Å, which is comparable
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Figure 4.4: Ball and stick illustrations of the sp3 boron nitride bulk phases considered in
this work: cubic diamond like (c-BN) ,wurtzite boron nitride(w-BN), BN4 , yBN8 , xBN8 &
xN B16 .
Table 4.1: Lattice parameter of bulk structure of different sp3 BN phases at zero degree
temperature and pressure.
Bulk
structure
c − BN
w − BN
BN4
yBN8
xBN8
xBN16

a(Å)

b(Å)

c(Å)

3.620
2.550
2.546
2.588
5.043
4.420

–
4.410
4.414
4.292
4.446
4.380

–
4.220
4.415
4.847
4.787
5.094
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with the experimental value (3.61 Å) [92]. The unit cell of the c-BN has simple cubic; where
as rest of the structures are orthorhombic. Except c-BN, and hexagonal diamond like (hdBN), the lattice parameter ’a’ is comparable with each other is around 2.55 Å. But there is
variation in lattice parameter ’b’ which ranges from 4.29 to 4.44 Å and much more variation
in ’c’ lattice parameter.
I use the finite deformation and numerical differentiation method to calculate the full
set of elastic constants of bulk phase of sp3 BN. We use the elastic constants to verify the
mechanical stability of new phases of the BN. We use the following Born stability relationship
for orthorhombic crystalline system [86].

C11 > 0,

2
C11 C22 > C12
,

2
2
2
C11 C22 C33 + 2C12 C13 C23 − C11 C23
− C22 C13
− C33 C12
> 0,

(4.17)

C44 > 0, C55 > 0, C66 > 0.
These conditions obtained are non-linear, but these are the polynomial functions of the
elastic constants. Similarly for cubic crystal system has simplest form of elastic matrix, with
only three independent constants, C11 , C12 , and C44 . The three Born stability criteria for
the cubic systems are:

C11 − C12 > 0,

C11 + 2C12 > 0,

C44 > 0

(4.18)

Similarly for the case of h-BN, there are four necessary and sufficient conditions for elastic
stability, and they are:
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2
C11 > C12 , 2C13
< C33 (C11 + C12 ),

(4.19)
C44 > 0, C66 > 0
All elastic constants are expressed in terms of Voigt’s notation.
Table 4.2: Elastic stiffness constants (in GP a) of bulk phases of BN .
c − BN
(Expt[93])
h − BN
(Expt[94])
w − BN
(Expt[95])
BN4
yBN8
xBN8
xBN16

C11
795
(820)
870
(750)
937
(982)
967
781
730
898

C22
—
—
—
—
—
—
723
676
750
716

C33
—
—
22
(32)
1000
(1077)
722
349
332
786

C44
448
(480)
4
(3)
333
(388)
241
267
202
254

C55
—
—
—
—
—
—
331
182
248
364

C66
—
—
342
(–)
402
—
331
299
155
313

C12
167
(190)
187
(150)
127
(134)
100
118
127
89

C13
—
—
—
—
54
(74)
101
104
201
140

C23
—
—
—
—
—
—
164
271
131
136

Table 4.3: Young’s and shear moduli (GPa), and Poisson’s ratios of the sp3 bulk phases of
boron nitride. Elastic constants were calculated from DFT by using Eqs. (4.12)- Eqs. (4.16),
and elastic coefficients were extracted from the compliance tensor.
c − BN
h − BN
w − BN
BN4
yBN8
xBN8
xBN16

Yxx
737
830
917
945
747
605
867

Yyy
–
–
914
680
463
695
687

Yzz
–
22
994
678
235
264
743

Gxy
448
4
333
241
267
202
254

Gxz
–
–
–
331
182
248
364

Gyz
–
342
402
331
299
155
313

νxy
0.17
0.21
0.13
0.11
0.08
0.07
0.07

νyx
–
–
–
0.08
0.05
0.08
0.09

νxz
–
0.07
0.05
0.11
0.24
0.58
0.14

νzx
–
0.00
–
0.08
0.07
0.25
0.16

νyz
–
0.07
–
0.22
0.76
0.35
0.16

νzy
–
0.00
–
0.22
0.39
0.13
0.17

For the c − BN , three values of elastic constants are enough to describe the stiffness
and they are C11 , C44 and C12 . From the calculations, C11 has the almost double and
triple value than C44 and C12 respectively. That means, it is very hard to deform in the
x-direction, where it is easier to move the atoms in other-directions. That means x-direction
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has higher stiffness than other directions. Above table comparison with the experimental
data are comparable with our theoretical calculations and it is off at most by around 10%
only. Young’s modulus (Y), shear modulus (G) in all planes is same for the c-BN. In case of
h-BN, there are all together supposed to be four elastic constants, but from our calculations,
we got five elastic constants. The C44 elastic constant is negligible, it may be because of
not fully optimized structure. From the calculations, C11 is much more higher than that
of rest of elastic constants. That means, it is very hard to deform in x-direction, which is
slightly different with the experimental value. And rests of elastic constants are comparable
with experimental value. For the case of w-BN, the calculated elastic constants are in good
agreement with the experimental value (off by at most around 10 % only). The high value
of C11 and C33 indicates that the structure is more rigid along x- and z-direction, where rest
of the direction are soft in nature.
In the case of newfound bulk structures, all are orthorhombic structure, and need all
together nine of elastic constants to describe the stiffness. For these structures, there is no
experimental data for the comparison. From the calculations, there are remarkable finding
of elastic constants, which are mostly dominant by three principle axes C11 , C22 and C33 .
Along these three axes, all materials show greater stiffness then other direction. In case of
BN4 , C11 has higher value than C22 and C33 , where as C22 and C33 has a comparable with
each other. C11 value of the material is more than the value of c-BN, w-BN and h-BN. This
indicates that the new bulk structure of BN is stiffer than well-known bulk phases of BN,
along C11 direction. Moreover, C55 and C66 have also comparable value with each other and
softer than first three principle axes. Rest of the axes are much more softer, that means they
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are first deform in the materials. For yBN8 , the stiffness ranges from C11 > C22 > C33 , for
the first principles axes. After first three principal axes, the stiffness along C44 , C66 and C23
has comparable value, shows rigidness after three principal axes. And rest of the direction
is much more softer than other direction. Since the stiffness along C11 direction of yBN8 is
comparable with c-BN, bulk phases could be the good replacement with c-BN to study the
mechanical properties. For xBN8 , the stiffness of first two principal axes are comparable
with each other where as third is less than half of those two principal axes (C11 = C22 > C33 ).
The stiffness along C44 , C55 and C13 has comparable value and rest of the direction is much
softer than rest of the direction.
In case of xBN16 , first three elastic constants has higher value than the rest of the elastic
constants. The first three principle stiffness constants range from (C11 > C33 > C22 ). The
stiffness along C44 , C55 and C13 has comparable value and rest of the direction is much softer
than rest of the direction.
Among all of the bulk phases of the BN, elastic stiffness constants of first three principal
axes dominants the rest of the elastic stiffness constants. That means it is very hard to
deform along these first three principle directions. Other directions are softer than the first
principle axes. In conclusion, the stiffness elastic constant along xxxx-direction is higher
than rest of the direction except than w-BN. This means it is hard to deform different
phases of bulk structure in that direction.
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2D BN films

We have generated different monolayer, bilayer, and tri-layer BN films by cutting planes from
the bulk phases of sp3 -BN as shown in Fig. (4.5) by considering AA’ stacking as a stable one.
Our DFT calculations show that all BN films are stable both energetically and mechanically.
Some films are stable with and without passivation by H atoms on either one or both surfaces.
We chemically passivate H atom on the surface of the layers to mimic chemical bonds as a
substrate. In our calculations, pressure-induced sp2 − sp3 rehybridization between the two
uppermost BN layers in the presence of H chemical bond leads to the formation of stable BN
films. I have listed all film structures, which are made by cutting bulk structure are shown
below Fig. (4.5) and the table shows its lattice parameter. The bond length between boron
and Nitrogen is supposed to be 1.45 Å, but after surface reconstruction, the bond length
changed for all film structures. The presence of H and on the surface could be the reason
for inconsistency in bond length in all directions. But even there is no H, there is surface
reconstruction takes place. It indicates that during the reconstruction, there is a high chance
of contraction or elongation in any direction. These all structure is stable even one surface
of Boron and Nitride are exposed to the vacuum, it is because of the surface reconstruction,
leading to the formation of B-N bonds with enhanced chemical stability. The stable nature
of these structures helps us for further study in mechanical properties of materials. In below
H
Fig. (4.5), we have presented the film structure 2L − wBN(210)
, 2L − BN4H , 2L − yBN8H ,
H
HH
2L − xBN8H , 2L − xBN16
and 2L − cBN(111)
. The subscript ’H’ and ’HH’ indicate that one

H and two H are used to passivate on the one side and two sides of the film on the surface
H
of membrane respectively. We construct 2L − BN4H and 2L − wBN(210)
structure by carving
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out two (001) planes from the high-pressure bulk phase of the BN. The other structure,
HH
2L − cBN(111)
, which we made from the cubic diamond like structure and specify the plane

orientation in 111-direction. Hydrogen is passivated on both sides of the membrane to make
a stable structure. To construct a new structure 2L − yBN8H , 2L − xBN8H , we started from
bilayer h − BN and hydrogenate alternating armchair and zigzag chains of BN atoms of one
of the two outer surfaces. The structures are carried out DFT calculation for the optimize
the lattice parameter and ionic position. We choose 2L − sp3 films, for the further study,
which have comparable lattice parameter with the corresponding bulk structures.
We underline that both surface passivation [20, 21, 22, 23, 17] and transverse compression
[15, 17, 18] have been shown to be viable means to produce ultrathin BN films rich in sp3
bonds. Studying the mechanical properties of such films is therefore of both fundamental
and technological relevance.
Table 4.4: Lattice parameter and thickness of different 2L − sp3 BN films comparable with
bulk structure at zero degree temperature and pressure.
AA’
stacking

a(Å)

b(Å)

thickness
d (Å)

H
2L − wBN(210)

2.556

4.249

2.895

2L − BN4H

2.550

4.376

2.825

HH
2L − cBN(111)

2.580

4.469

2.612

2L − yBN8H

2.555

4.293

3.270

2L − xBN8H

4.987

4.399

3.263

H
2L − xBN16

4.507

4.340

3.720
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2L-cBN(111) HH

2L-xBN16 H

Figure 4.5: Top and side view of six BN-films.These are the structures considered for the
further study, which have comparable lattice parameter with the bulk structure. Nitrogen and
Boron are shown in the blue and pink color respectively where white color for the Hydrogen.
Below table shows the detail lattice parameter and thickness of 2L − sp3 films structure.

4.4.1

Electronic properties of the sp3 -bonded BN films

Most of the films are insulator in nature where the band gaps of the first five structure
HH
are ranges from 3.57 to 4.33 eV. But interestingly 2L − cBN(111)
has bandgap 1.31 eV.

This structure is leaning towards the semiconductor. It could be because of the hydrogen
passivation on both sides of the film. In the band gap, there are no defective levels; this
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2L-cBN(111) HH

2L-xBN16 H

Figure 4.6: Band structure of sp2 BN film.
indicate the surface reconstruction has led to charge localization and formation of strong
chemical bonds. The stable nature of these structures helps us for further study in mechanical
properties of materials. Below table (4.5) shows the mechanical properties of above mentions
films as well as bulk structure.
It is assumed that the increase in layer increases both Young’s modulus and strength of
the film increase. But this is not entirely true from our calculations. In our calculation, it is
entirely depends on the dimension of the materials and direction of applied force. The elastic
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Table 4.5: Elastic stiffness constants (in GP a) of BN flims and bulk phases from the calculations.
wBN
H
2L − wBN(210)
BN4
2L − BN4H
c − BN
HH
2L − cBN(111)
yBN8
2L − yBN8H
xBN8
2L − xBN8H
xBN16
H
2L − xBN16

C11
933
1000
967
1003
795
992
781
914
730
723
888
677

C22
999
951
723
800
—
992
676
690
750
838
712
812

C33
932
356
722
271
—
833
349
185
332
174
776
185

C44
333
263
241
184
448
282
267
203
202
185
255
191

C55
402
260
331
216
—
282
182
158
248
205
358
204

C66
333
367
331
364
—
427
299
306
155
333
312
298

C12
54
85
101
122
167
138
118
131
127
141
91
48

C13
127
121
101
88
—
83
104
81
201
150
137
90

C23
55
93
164
156
—
83
272
265
131
126
137
67

Table 4.6: Young’s and shear moduli (GPa), and Poisson’s ratios of the sp3 BN-films.Elastic
constants were calculated from DFT by using Eqs. (4.12-4.16), and elastic coefficients were
extracted from the compliance tensor.
w − BN
H
2L − wBN(210)
BN4
2L − BN4H
c − BN
HH
2L − cBN(111)
yBN8H
2L − yBN8H
xBN8
2L − xBN8H
xBN16
H
2L − xBN16

Yxx
913
967
945
973
737
938
747
884
605
526
858
643

Yyy
993
930
680
732
—
—
463
421
695
772
683
793

Yzz
913
340
678
248
—
—
235
113
264
121
733
172

Gxy
333
263
241
183
448
404
267
203
202
185
255
191

Gxz
403
259
331
216
—
—
182
158
248
205
358
204

Gyz
333
366
331
364
—
—
299
306
155
333
312
298

νxy
0.05
0.07
0.11
0.12
0.17
0.14
0.08
0.12
0.07
0.04
0.10
0.04

νyx
0.05
0.07
0.08
0.09
—
—
0.05
0.06
0.08
0.05
0.08
0.03

νxz
0.13
0.27
0.11
0.21
—
—
0.24
0.23
0.58
1.04
0.16
0.42

νzx
0.13
0.09
0.08
0.05
—
—
0.07
0.03
0.25
0.24
0.14
0.11

νyz
0.05
0.20
0.22
0.45
—
—
0.76
1.18
0.35
0.55
0.16
0.30

νzy
0.05
0.07
0.22
0.15
—
—
0.39
0.32
0.13
0.09
0.17
0.06

properties of newfound bulk structure and corresponding films structures are calculated. All
the structure are orthorhombic in nature, need all together nine elastic constants to describe
the stiffness. From the calculations, there is remarkable finding of elastic constants, which
are mostly dominant by three principle axes C11 , C22 and C33 , which means, all materials in
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these direction.
Comparing all the bulk and films structure, the stiffness (C11 and C22 ) and Young’s
modulus along xx- and yy- direction (Yxx and Yyy ) value of films slightly higher than that of
bulk structure implies bulk is soft that the films. Whereas the stiffness C33 and Yzz is around
half of the bulk structure. It could be due to fact that the vacuum along z-direction for the
films structure. Rest of the stiffness constant and Young’s modulus are comparable with
each other alter by few percentage only. Results shows that films are more rigid than that
of bulk, where they are stiffer in fundamental principle axes and softer in other direction.
Shear modulus G, which describes the resistance of a material to a shape change. The
shear modulus is correlated to the hardness of a material and most efficient way to predict
the hardness of the matter experimentally. Above table (4.6) shows the shear modulus,
where bulk is harder than that of films structure but it depends entirely on the structural
property of the material. Most of the cases, I found the shear modulus is higher in bulk than
film structure along xy− and xz− direction whereas comparable or less in yz− directions.
Materials with different Poisson’s ratio behave very differently mechanically. Materials
with small Poisson’s ratio are easily compressed whereas those with high poisons ratio resist
the compression. It value could be fluctuates drastically under ambient pressure. From my
calculations, the Poisson’s ratio of our material lies in different ranges. By comparing bulk
BN4H and film 2L − BN4H , the range of the Poisson’s ratio lies in between 0.11 to 0.22 for
bulk where as 0.05 to 0.45 for the films structure. This means bulk structure are unlikely to
deform than film structure under pressure. With some exception, for yBN8H , it ranges from
0.05 to 0.76 whereas the 2L − yBN8H where as 0.03 to 1.18 for the films. I am not sure that
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the higher value of Poisson’s ratio in film could exist. For all rest of the case, bulk structure
is hard to deform than the films.Overall, stiffness constants and Young’s modulus of films
structure along the principle axes has higher or comparable value with the bulk structure.
The shear modulus of bulk structure is higher than that of films structure.
On the basis of before mention methods to calculate longitudinal SOECs and TOECs
of the membranes, we consider monolayer, bilayer and trilayer h-BN films, which we named
1L−hBN , 2L−hBN , and 3L−hBN . The h−BN films are stacked in the AA0 configuration.
With these geometries, our DFT calculations give equilibrium lattice parameters of 2.512 Å
and interlayer spacings of about and 3.11 Å, of the BN films.
Table 4.7: Longitudinal SOECs and TOECs (in N/m) of the layered and sp3 -bonded BN
membranes. DFT calculations and method used to calculate the elastic constants are discussed in the main text.
C11

C22

C12

C66

C111

C222

C112

C122

C166

C266

1L-hBN

287

287

61

113

-2365

-2141

-383

-611

-352

-563

2L-hBN

570

570

120

225

-4761

-4280

-701

-1158

-689

-1094

3L-hBN

853

853

180

337

-7108

-6434

-1081

-1750

-1050

-1636

2L-wBNH
(210)

437

416

41

161

-4139

-4147

-157

-340

-528

-706

2L-cBNHH
(111)

359

359

50

154

-3625

-3312

-162

-504

-622

-933

2L-BNH
4

438

350

53

160

-4142

-3246

-289

-366

-520

-724

2L-yBNH
8

439

328

62

148

-4120

-1736

-266

-454

-483

-544

2L-xBNH
8

341

400

66

158

-2339

-3320

-310

-473

-474

-780

2L-xBNH
16

360

419

48

152

-2927

-3386

-212

-196

-387

-664
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SOECs and TOECs of the 2D membranes shown in Fig. (4.5) are reported in Table
(4.7). Linear and nonlinear elastic constants of the layered films are in agreement with
values reported in both previous computational [28, 96] and experimental studies [14]. For
BN layered films, SOECs and TOECs vary linearly with the number of layers, showing that
interlayer coupling does not influence the longitudinal mechanical properties of these layered
materials Table (4.7). As for the bilayer films with the sp3 bonding structure, values of linear
and nonlinear elastic constants fall in between those of the monolayer and bilayer layered
films. In case of both these sp3 -bonded BN films, film structure and most likely surface
passivation reflect on the values of both SOECs and TOECs. In particular, films obtained
from the hexagonal sp3 phases of BN have SOECs and TOECs that are larger in absolute
value than those of the films obtained from the cubic bulk phases.
To characterize the mechanical strength of the membranes shown in Fig. (4.5), we use
the SOECs and TOECs reported in Table (4.7) to calculate the ideal breaking strength. To
this end, we consider the simple case of a biaxial planar tensile strain,


 
ε11 ε12  ζ 0
,

=
ε21 ε22
0 ζ

(4.20)

and we use Eqs. (4.12) & Eqs. (4.13), and the elastic constants in Table (4.7), to calculate
the value of the Cauchy planar stress versus the strain parameter ζ.
As shown in Fig. (4.7), we define the ideal breaking strength of a membrane as the maximum stress achieved in the tensile deformation, namely the maximum stress a membrane can
withhold before yielding and ultimately breaking. This definition is based on the assumption
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that only SOECs and TOECs govern the mechanical behavior of the membrane. In reality,
the experimental breaking (or fracture) strength depends also on fourth- and higher-order
elastic constants [28], the occurrence of strain-induced structural and/or electronic changes
in the membrane [97, 98], and the presence of point defects, dislocations, and grain boundaries. In spite of this, it is reasonable to use the theoretical parameter here computed as an
indicator of the mechanical strength of a membrane.
In Fig. (4.7), ideal breaking strength increases linearly with the number of layers. Bilayer
membranes with a sp3 bonding structure exhibit breaking strengths falling in between those
of the monolayer and bilayer membranes with a layered structure. Interestingly, the sp3 bonded membranes obtained from the bulk phases with the wurtzite structure are stronger
than those obtained from the cubic bulk phases of BN. This behavior stems from the fact
that SOECs of wurtzite-based membranes are larger than those obtained from cubic BN.
In Fig. (4.7), for selected layered membranes, we also show values of stress versus strain
computed directly by DFT calculations. As expected, these results show that Eqs. (4.12)
& Eqs. (4.12) describe accurately the stress versus strain relationships up to a percentage
strain of about 4%. While on one hand this result corroborates the validity of our calculations
(Table (4.7) and Fig. (4.7)), the comparisons in Fig. (4.7) informs also that, above a strain of
4%, the mechanical behavior of these types of membranes is governed by fourth- and higherorder elastic constants, structural changes, and defects. In the same way, the sp3 -bonded
membranes obtained from h − BN are stronger than the structure obtained by c − BN and
w − BN .
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Figure 4.7: Planar stress (in N/m) versus biaxial strain curves calculated by using SOECs
and TOECs listed in Table (4.7), and Eqs. (4.12) & Eqs. (4.13). Black line for 1L−,2L−
H
H
and 3L − hBN , purple, blue, Orange for 2L-xBNH
8 , 2L-yBN8 and 2L-BN4 respectively.
H
Similarly red and green results obtained for 2L-cBNHH
(111) and 2L-wBN(210) respectively. Circle
shows the ideal breaking strengths.

4.4.2

2L-xC16 carbon, 3L-xBN16 & 3L-wBN210 boron nitride films

Two layer sp3 bonding structure are stable only by chemical passivation by hydrogen. As we
increase the number of layers, even with out passivation we found some stable structure in
both carbon (C) and boron nitride (BN). Thus, it is interesting to investigate the mechanical
properties of these membranes that do not require any kind of passivation. These membranes
are formed by transverse compression of multilayer graphene or h − BN by Anvil cell [17, 99]
or an AFM tip [23, 18, 15]. Because of new found structure, here I have considered both
carbon (C) and boron nitride (BN) for the study. Thus, we consider the newly generated
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silico-generated bulk phases xC16 and xBN16 , and constructed corresponding two films consisting of two and three (001) planes of C and BN respectively (see figure). And new stable
structure wBN210 from w − BN . All structures have clean surface and mechanically and
dynamically stable. We calculate phonon frequencies to verify the stability nature of these
structures. Below in the Table (4.8), I have listed the SOECs and TOECs of bulk and film
structure of all three C and BN.
(a)

x

y

z

xC16-Bulk

(b)

x

y

2L-xC16-film
Figure 4.8: (a) sp3 -bonded bulk carbon structure xC16 along three orthogonal principal axes,
which has been constructed and fully optimized. (b) Transverse view of a bilayer C film
(named 2L-xC16 ) consisting of two (001) layers of the bulk phase xC16 shown in (a), is
expose in clean surfaces.

In detail, the film 2L-xC16 expose surfaces with armchair chains of C atoms with alter-
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(a)

x

y

xBN16-Bulk

(b)

x

z

y

3L-xBN16-film
Figure 4.9: (a) sp3 -bonded bulk boron nitride structure xBN16 along three orthogonal principal
axes, which has been constructed and fully optimized. (b) Transverse view of a trilayer BN
film (named 3L-xBN16 ) consisting of three (001) layers of the bulk phase xBN16 shown in
(a), is expose in clean surfaces.
nating bond lengths of 1.37 Å and 1.47 Å, whereas in the bulk the length of these same bonds
are 1.58 Åand 1.53 Å, respectively. This film exhibit semiconducting electronic properties
with a band gap of about 1 eV Fig. (4.11). As for the film 3L-xBN16 , the surface dimers
have lengths of 1.43 Å and 1.46 Å, to be compared to the values in the bulk of 1.60 Å and
1.54 Å, respectively; this film is a large band-gap insulator (≈ 4 eV). We can conclude that
the increased bond order of the surface bonds of these films leads to preserve, and in some
instance exceed, the values of longitudinal SOFCs of the bulk phase. For film 3L-wBN210 ,
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wBN-bulk
x

y

x

3L-wBN210-film

z

y

Figure 4.10: Bulk and sp3 -bonded trilayer BN film (3L-wBN210 ) along three orthogonal
principal axes, consisting of three (210) layers of the bulk phase wBN is expose in clean
surfaces.
with wurtzite structure of bond length of 1.78 Åand 1.53 Åcompare with respective bulk
structure 1.56 Åand 1.58 Årespectively. This film is insulator in nature having more than 4
eV. Elastic stiffness of bulk along the two principle of bulk is higher than that of films, which
also proves that the wurtize structure of BN is one of the hardest materials in BN family.
Also for these types of membranes, the transverse elastic constant C33 retains a value that
is >40% of the values of the bulk phases (Table 4.8).
Table (4.9) reports values of longitudinal SOECs and TOECs calculated for the bilayer
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Table 4.8: SOECs (in GPa) of the new bulk phases and films shown in Fig. (4.8), Fig.
(4.9) & Fig. (4.10). SOECs of the bilayer and trilayer films are calculated by assigning a
film thickness equal to that two and three (001) and (210) layers of the corresponding C
and BN bulk phase, respectively. To calculate normal and shear transverse elastic constants,
top and bottom atoms of films accommodating the deformation are kept fixed in the DFT
optimization calculations.
xC16 -Bulk
2L-xC16 -film
xBN16 -Bulk
3L-xBN16 -film
wBN210 -Bulk
3L-wBN210 -film

C11
1083
843
898
781
933
972

C22
910
1118
716
899
999
850

C33
938
356
786
377
933
201

C12
67
98
89
106
54
144

C13
101
192
140
183
127
185

C23
141
138
136
146
54
131

C44
343
235
254
213
333
238

C55
471
276
364
259
402
297

C66
424
435
313
336
333
375

Table 4.9: Longitudinal SOECs and TOECs (in N/m) of the bilayer and trilayer sp3 -bonded
carbon and BN membranes shown in Fig. (4.8), Fig. (4.9) & Fig. (4.10). The elastic constants
of the C film are calculated by using both GGA and LDA functionals, shown in the first and
second row, respectively.
2L-xC16
2L-xCH
16
2L-xC16 (LDA)
3L-xBN16
3L-wBN210

C11
427
448
449
578
702

C22
566
537
589
665
615

C12
50
31
58
78
104

C66
220
203
228
248
271

C111
-3105
-3738
-3160
-4539
-6835

C222
-4199
-4576
-4259
-4590
-13701

C112
-440
-317
-470
-431
-904

C122
-372
-198
-356
-232
3146

C166
-709
-620
-736
-550
-1034

C266
-901
-768
-903
-1064
-901

and trilayer membranes isostructural to the crystals xC16 , xBN16 and wBN210 . We use
these linear and nonlinear elastic constants to calculate stress versus biaxial strain curves,
and estimate the ideal breaking strength. These results show that bilayer xC16 and trilayer
xBN16 films with a sp3 bonding structure reach values of ideal breaking strength that compete
with those of few-layer graphene and h-BN membranes (Fig. 4.12). Most interestingly,
contrary to the previous cases Fig. (4.7), the membranes 2L-xCH
16 , 2L-xC16 , 3L-xBN16 and 3LwBN210 exhibit anisotropic mechanical behaviors and breaking strengths, which reflect the
anisotropic values of both the linear and nonlinear elastic constants Table (4.9). Furthermore,
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2
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Figure 4.11: Electronic band structure of the (a) carbon film 2L-xC16 , (b) BN film 3L-xBN16 ,
and (c) 3L-wBN210 . Blue (cyan) solid lines shows valance (conduction) bands.
in case of 3L-wBN210 , the ideal breaking strength in x- and y- direction has two different
value. This shows, the structure start to break in y-direction easily than x-direction.
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Figure 4.12: Planar stress (in N/m) versus biaxial strain curves calculated by using SOECs
and TOECs listed in Table (4.9), and Eqs. (4.12) & Eqs. (4.12). Blue, cyan, magenta
and dark green lines show results obtained for 2L-xCH
16 , 2L-xC16 , 3L-xBN16 and 3L-wBN210
respectively. Solid and dotted lines show values of σ1 and σ2 versus strain, respectively. Discs
and circles show the ideal breaking strengths of selected graphene and hBN membranes (see
Fig. (4.7)).

4.5

DFT calculation of isenthalpic points of sp3-bonded
BN bulk phases and h-BN

A phase transformation often involves the development of some type of order with an associated symmetry breaking. This broken symmetry is described by an order parameter that is
physically observable, which measures the degree of order as the phase transition proceeds.
The crystalline phase transition is diffusion-less, solid-to-solid phase transition, where the
lattice or molecular structure changes. During such transition, a system either absorbs or
releases a large amount of energy per volume. We have examined the different structure BN
and transition mechanism under pressure of the sp2 -hybridized structure to sp3 -hybridized
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structures. BN has graphite like hexagonal structure (h-BN), with large separation between
two adjacent layers, has relatively low densities referred as light phase where as diamond
like (zinc-blende) cubic structure (c-BN) is denser and harder phase [92, 100, 101]. It is
interesting fact that the dramatic transition from soft material (h-BN a soft solid lubricant)
to the hard materials (c-BN, a super hard material after diamond) demonstrates the reconstructive character and chemical factors in hardness modification [54]. Thus the application
of external pressure to a solid material will cause the distance between its atom to decrease,
which has the tendency to cause structural changes in the solid material.
For the construction of the phase transitions among the polymorphism of boron nitrides,
the enthalpy of formation must be calculated for each phase at different pressure by considering zero temperature. Here we report the first order phase transformation from bulk
structure of h-BN to different phases of the BN. We use analytical methods to predicting
phase transformation. We assume the enthalpy of formation of h-BN and other phase of BN
are same, which is the most stable form at pressure on specified temperature.
The Helmoholtz free energy,

F (V, T ) = E(V, T ) − T S(V, T )

(4.21)

where temperature (T) and volume (V) are independent variable and Gibbs free energy,

G(P, T ) = H(P, T ) − T S(P, T )

(4.22)

where the temperature and pressure are independent variable. To calculate the phase

CHAPTER 4. MECHANICAL PROPERTIES OF 2D AND 3D BN MATERIALS

99

transformation, the enthalpy of formation as a function of pressure,

H(P ) = U (P ) + pV

(4.23)

These are the basic quantities needed to determine the stability new possible structures.
Where H is the enthalpy of formation, U is internal energy as a function of volume. Therefore
it is necessary to evaluate the internal energy for different unit cell volumes.

H1 = H2
U1 + P1 V1 = U2 + P2 V2
U1 − U2 = P2 V2 − P1 V1
Since, P1 = P2 = PT , where PT is the transition pressure is supposed to same during
phase transformation.

PT = −

U1 − U2
dU
=−
V1 − V2
dV

(4.24)

1 dE
|T
A dz

(4.25)

PT = −

where, dE is the change in internal energy and A cross-sectional area of the unit cell and
dz is the change in lattice parameter along c direction. The pressure where the enthalpy of
formation of two phases becomes the same gives the coexistence point where the slope is
same. The transition pressure of phase transition can be seen from the Energy per unit area
vs. lattice parameter in z direction. Once we calculate the total energy with different value
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Figure 4.13: Energy(Ry/Å2 ) vs. d(Å) for the calculation of phase transition from h-BN to
different phases of BN.
of c, we plot the graph between energy per unit area vs. c for the each structure. We got
curve for each structure and compare it with the h-BN. Below figure, red curve for the sp3
structure where as blue curve for sp2 structure. There is the one point in each curve where
the slope is same and satisfies the Eq. (4.25).
All new film and bulk structure of the BN are obtained from the well stable structure
of the boron nitrides. Energy versus volume in linear direction gives an indication of which
structures are the best candidates for the most stable phases. Generally, the structure that
has lowest energy is considered as the most stable phase. I started from sp2 phases of BN, a
layered structure, which has inter-layer separation 3.3 Å. I lowered the interlayer separation
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until the two layers starts forming the bond and found few stable sp3 -bonded structure. To
get the transition pressure, I distorted the sp2 and sp3 bonded structure by varying ’c’ lattice
parameter in z-direction. In the plot E vs. d, I got a parabola where most stable structure
with the lowest equilibrium energy is the most stable one. Below figure and table shows the
possible structure and transition pressure.
Table 4.10: Phase transition from sp2 to different phases of sp3 boron nitride and carbon
structure.
Phase transformation

Transition pressure (GPa)

hBN – wBN
hBN – cBN
hBN – BN4
hBN – yBN8
hBN – xBN8
Graphite – Diamond

1.44 - 1.82 (5.9 > 1450 (o C))
0.21 - 0.73 (11.5 - 13.0)
8.01 - 8.12
26.76 - 27.09
27.81 - 31.55
3.78 (≈ 15.00)

The calculated phase transitions from h − BN to different phases of the BN are listed in
table (4.10). In case of h − BN to Wurtizite BN (w − BN ), I found the transition pressure
in range of 1.44 to 1.82 GPa. But the experimental value is around 5.9 GPa more than 1450
o

C [102].The calculated value is almost 3 times less than that of the experimental value.

Similarly, in case of h-BN to c-BN, the calculated value is ranges from 0.21-0.73 GPa where
as the reported experimental value ranges from 11.5 - 13.0 GPa around 1500 o C [100]. The
calculated value is far more less than experimental value. In both cases, temperature causes
main difference between experimental and calculated value. In our calculations, we use zero
degree temperature where as the experimental value is done much higher temperature. From
the calculations, h-BN, w-BN and c-BN are most stable structure of the BN, because the
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w-BN

BN4

h-BN
yBN8

z

x
y

xBN8

c-BN
Figure 4.14: Systematic representation of the ways of transform of sp2 hybridized BN polymorphs (h − BN ) in to sp3 hybridized BN polymorphs (w − BN , c − BN , BN4 , yBN8 and
xBN8 ).
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hBN - w-BN

hBN - c-BN

hBN - yBN8
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hBN - BN4

hBN - xBN8

Figure 4.15: Energy(Ry/Å2 ) vs. d(Å) to find an isenthalpic point from bilayer sp2 - to
sp3 -bonded BN .
energy difference is comparable with each other.
For other three-bulk phases boron nitride, there are no experimental value reported so
far. In case of h-BN to BN4 , the calculated transition temperature is comparatively higher
than c-BN and w-BN, where the value is in the range of 8.01-8.12 GPa. For the other two
structure yBN8 and xBN8 , the phase transition from h-BN is relatively high than other
structure and calculated value is around 28 GPa in both cases. It is due to fact that the
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all-new structures are least stable than that of c-BN, w-BN and h-BN. It also shown that the
energy difference between h-BN with new phases of BN is quite large. Thus, changing from
h-BN to c-BN and w-BN with the application of transverse pressure is more likeable than the
new phases of the BN, but the temperature plays great role to converting the structure. From
the table (4.10), the transition pressure is comparatively low than the known experimental
value. In the experiment, however, the synthesis of stable structure was performed at much
temperature above 1500 o C.
To check the validity of my calculation, I have also calculated the transition pressure
from graphite to diamond. In Ref. [103], synthesized in laboratory a new crystalline form
of carbon-hexagonal diamond under static pressure 13.0 GPa and temperature around 1000
o

C. From the calculation, I found the transition pressure around 3.78 GPa, which is around

4 times less than that of the experimental value. Which is also consistent with the boron
nitride that the calculated values are around 4-5 times lower than that of experimental value.

4.6

BN films with a sp3 bonding structure exhibiting metallic properties

A two-dimensional material seems to have capability of producing extraordinary and interesting properties. It is interesting fact that the creation of totally new 2D material under
certain condition in such a way that the electronic and structural properties are totally
different with parent materials. It is initially found for carbon, a graphene, zero band gap
semiconductor, which can produce 2D diamond like material called diamondene and diamondol are insulators [17, 23]. In similar manner we expanded this method for another material,
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hexagonal boron nitride, an insulator, can be transformed to a conductive material under
certain pressure. It is interesting fact that the creation of new 2D material under pressure
induced rehybridization of two monolayers with completely different electronic and structural properties form its parent materials. That means we get the conductive nature of BN
under certain pressure under some circumstances. This is also supported by recent published
paper Barboza et al. [104], where they claimed that, h − BN an insulator with large band
gap, is transformed in to a conductive two dimensional material named as bonitrol.
A theoretical examination of structural transformation of BN layers is examined by DFT
calculations. Our calculations suggest that a hard monolayer BN film can be obtained
from bilayer h − BN by means of compression and/or wear without the need of chemical
passivants, that the energies and pressures involved in the transformation depend critically on
the structure and chemistry of the interface with the substrate. We are able to find monolayer
film with variety of conformation, requiring surface chemical passivation by hydrogen on one
or both surfaces of the films. In previous chapter, we have reported the insulating properties
of BN by considering AA0 stacking. From this calculations, we started from the AA0 stacking
of h − BN with or with out chemically passivated by hydrogen. From the calculations, with
out passivation by hydrogen, all film structures are unstable.
A stable structure is found, passivated by H on the top of B and N in zigzag way. Here
we first examined via the h − BN , where the initial structure is AA0 stacking, changes
to the AA stacking after relaxing. We found that films having fully passivated by H on
the top of B and N exhibit insulating properties. Moreover, a film passivated by H on
the top of the N only exhibit the metallic properties. Furthermore, we have examined the
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structural stability, electronic properties and mechanical properties of these films with the
increase in the thickness of the films. Then, we used finite deformations and numerical
differentiation techniques to calculate the full set of second order elastic constants of our
h − BN films. Interestingly, we found that, regardless being monolayers or having a clean
surface, all conformers of BN films exhibit elastic moduli higher to all bulk phase of sp3
BN .
Bilayer BN passivated by hydrogen(HH) (2L − BN HH )
Started from the two layer h − BN with given interlayer distance ’d’, we decrease the
interlayer distance until it forms a bonding between two layer. I found a stable structure,
2L − BN HH , when passivated by the Hydrogen on the top of the B and N in a zigzag way, of
thickness 3.828 Å after relaxation. I use 10 atoms in the unit cell for this configuration. The
side and top view rehybridized structure is shown in Fig. (4.16). The bottom layer of all
boron and nitrogen covalently bonded with hydrogen, leaving the upper boron and nitrogen
atoms with a dangling bond in an sp3 configuration. This leads to the profound effect in the
electronic structure, resulting the insulating nature of the structure with the band gap 2.60
eV .
Bilayer BN passivated by hydrogen (H) (2L − M BN H )
In the Fig. (4.17), H is passivated on the top of the nitrogen only found stable, whereas
H passivated on top of B is turns out unstable. The corresponding band structure in Fig.
(4.17) is metallic in nature, which is clearly seen in the band structure. In the band structure,
a defective band is formed which crossing the Fermi level (set to zero in the plot). Plotting
the density of state plot also supports it. A metallic property is believed to come from the
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(c)

Side view

2.549

(b)

3.680

Top view
Figure 4.16: Side and top view of AA stacking 2L − BN HH . Solid balls in pink, blue and
grey color represents Boron, Nitrogen and Hydrogen. the film has lattice parameter a = 2.549
Å , b = 3.680 Å and film thickness d = 3.828 Å. Side figure shows the band structure of the
film.
formation of dangling bond on the surface of the B and N.
The projective density of states (PDOS) is used to understand which orbitals are responsible for the metallic nature of (2L − M BN H ) structure. In the figure, it is clear that p
orbitals of Boron atom cross the Fermi level. Among all orbitals, color green B (2p) has
highest two peaks which crossing the Fermi level (set to zero in the plot). If I plot the charge
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(a)

(b)

side view

2.532

3.718

top view

Figure 4.17: Side and top view of AA stacking 2L − M BN H . Solid balls in pink, blue and
grey color represents Boron, Nitrogen and Hydrogen. the film has lattice parameter a = 2.532
Å , b = 3.718 Å and film thickness d = 3.77 Å. Side figure shows the band structure of the
film.
distribution, then electrons are arranged on the top of the boron too. That means there is
a formation of dangling bond on the top of B in absence of H.
Trilayer BN passivated by hydrogen (H) (3L − M BN H )
I have also examined the structure by increasing the number of layers, up to 4L by
increasing the numbers of BN layers. Where I found all structure are stable and metallic in
nature, shown in below figures. Also from the band structure, DOS and PDOS calculation,
similar phenomena occurs for the multi layer system.
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(b)

Side view

(c)

top view

Figure 4.18: (a) Side and top view of charge distribution where electron is locolized on the
top of Boron represented by yellow sign. (b) band structure and DOS, (c) Projected density
of states (PDOS) of 2L − M BN H .
As the layers of the films are increased, there is an interesting fact that the bands near
the Fermi level shifting from the metallic to semi-metallic. This implies that the metallic
properties only exist for 2L and 3L. After that it changing towards semi-metallic. It is mainly
due to interlayer coupling between layers, which are responsible for valance band edge shift
from bi- to multi-layer Ref. [105]. To support this evidence, Ref. [106] also studied the shift
of the band with the increase in layers by Raman spectroscopy.
I have further examined the structure with out hydrogen on the top of boron and nitrogen.
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(b)

Side view
(c)

top view

Figure 4.19: Side and top view of AA stacking 3L − M BN H . Solid balls in pink, blue and
grey color represents Boron, Nitrogen and Hydrogen. the film has lattice parameter a = 2.532
Å , b = 3.718 Å and film thickness d = 6.37 Å. Side figure shows the band structure of the
film.
Monolayer with out hydrogen is unstable where as trilayer is turns out to be stable. By
examine the band structure and DOS, the structure is insulating in nature with band gap
2.60 eV .
All films structure both metallic and semi-metallic structure is stiffer than the bulk
structure. Bilayer semi-metallic 2L − BN HH is most stiffer than the metallic 2L − M BN H .
As we increase the layer, stiffness is increases in all direction but comparable in xx direction.
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(a)

(b)

2L − MBN H

111

(c)

3L − MBN H

4L − MBN H

Figure 4.20: Band structure of (a) 2L − M BN H , (b) 3L − M BN H and (c) 4L − M BN H ,
where the band near the Fermi level shifting with the increase of layers.

Table 4.11: Elastic stiffness constants (in GP a) of BN bulk and films phases from the
calculations.
AA-stacking
2L − BN HH
2L − M BN H
3L − M BN H
BU LK

C11
1032
1001
975
929

C22
610
584
653
793

C33
483
437
538
924

C44
387
365
386
446

C55
254
236
271
311

C66
369
350
382
447

C12
149
150
166
167

C13
58
81
81
31

C23
228
223
188
166

Chapter 5
Conclusions
The discovery of 2D semiconductors and insulators provides the foundation for the researchers for next-generation electronic devices, although there is much more room for improvements to use in practical applications. Furthermore, the 2D materials must be extensively studied and comprehensively characterized before use for reliable applications. My
research area encompasses the properties like defects, structural stability, and mechanical
properties, which is just an essential part to understand in detail for the characterization of
2D materials. Thus, this dissertation could represent one of the contributions to the global
body of scientific knowledge in the field of material science. In my thesis, under the basis of
the theoretical framework explained in Chapter 2, I have studied diverse properties of sp2
and sp3 BN, in particular defects, structural stability, and mechanical properties.
In Chapter 3, I have devised and optimized a computational strategy to calculate the
formation energies of charged defects in h-BN from the DFT calculations. In particular, I
have calibrated a semi-empirical DFT approach to reproduce the correct structural properties
of multilayer and bulk h-BN that are comparable with experimental value by correcting the
112
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dispersive coefficient of Boron in the code. In particular, this method leads the correct
interlayer distance between two layers. Then, I have calibrated a polarizable force field
to reproduce the dielectric response of multilayer h-BN and hence calculate the correction
term added to the formation energy of a charged defect computed by the DFT. After these
developments, I have applied to this strategy to calculate the formation energy of the several
charged point defects in mono- and bi-layer h-BN. These calculations have led to determine
that, in all cases, due to electrostatic polarization effect, the formation energy of the charged
defects in bilayer h-BN, about 0.5 eV lower than in monolayer h-BN. Furthermore, these
calculations showed that, under the assumptions that vacancies and carbon substitutions
defects are all present in 2D h-BN materials, there is at least one point defects species that
is in a charged state, regardless the value of the Fermi level. This computational strategy
can be applied to low-dimensional systems and other materials.
In Chapter 4, I have investigated the mechanical properties of both layered and sp3 bonded BN membranes. I have considered monolayer, bilayer, and trilayer graphene and
h-BN films, and sp3 -bonded membranes with either both, one, or none of the surfaces passivated with H, formed by planes of both existing and new in silico-designed bulk structures
BN. We have used a novel method to compute both second- and third-order elastic constants
of the membranes, and estimate their ideal breaking strength under biaxial tensile strain. In
this study we have shown that BN membranes rich in sp3 bonds exhibit mechanical strengths
that compete with those of layered films. We have also shown that there is a pletora of plausible stable structures of such sp3 -bonded membranes, exhibiting diverse electronic properties,
and longitudinal and transverse mechanical behaviors. The results here presented suggest
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that, by controlling thickness of the films and by tuning the chemistry of the film-substrate
interface or surface passivants, transverse compression of layered BN nanosheets might lead
to synthesize a variety of stable or metastable sp3 -bonded 2D materials exhibiting intriguing
anisotropic mechanical and electronic properties.

Future work in this area will encompass,
• the study of possible types of defects in the materials.
• the development of computational methods to investigate 4th , 5th order mechanical
properties of both 3D and 2D materials from DFT calculations to get the much more
accurate stiffness constants and breaking strength for the different materials and comparable with the experimental data.
• Use our novel methods to explain and predict the higher order nonlinear elastic constants of defective 2D and 3D materials with the applications of DFT calculation.
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